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Abstract:

This paper presents the development of a cloud-based learning framework designed
for vocational students attending Math courses. The proposed system enables
symbolic and graphical visualization of finite function limits, transforming static
learning models into a dynamic, interactive environment. The framework is devel-
oped using a powerful symbolic computational engine—the Wolfram Language.
It offers various finite limit scenarios, including removable discontinuities, jump
discontinuities, and convergent or divergent oscillations. Each scenario includes a
specific mathematical example with an appropriate graphical representation. All
visualizations feature a movable point that allows students to interactively explore
the function's path and observe the relationship between the local function value
and its limit. Being cloud-native, the tool is highly accessible across a wide range
of devices without local installation. This paper also provides an overview of the
cognitive obstacles students face when learning the concept of limits, details the
system architecture, and describes the logic behind the interactive scenarios selected
for instructional design, along with directions for future research.
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INTRODUCTION

Mathematics is a fundamental discipline for technical studies, as the
majority of engineering subjects rely on core mathematical areas such
as analysis, algebra, probability, and statistics. In mathematical analysis
specifically, understanding the behavior of functions as they approach
specific finite values is essential for the evaluation of complex physical
systems, including structural stress analysis or signal processing in
telecommunications [1]. A significant challenge in teaching limits to
engineering students is the gap between their intuitive concept image
and the formal concept definition [2]. Many students perceive limits as a
dynamic process of motion, which lacks the precision needed for rigorous
analysis.

This paper explores the role of interactive visualization in closing the
gap between intuitive understanding and strict formal definitions. By
utilizing the Wolfram Language, a framework was developed to facilitate
the dynamic progression of a point along the function's curve.
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This allows students to observe the simultaneous
convergence of the function's value toward its limit,
while providing real-time tracking of the absolute
difference between the function's value and the limit
as the independent variable approaches the target point.
The numerical output of this difference serves as a visual
proxy for the ¢ parameter in the formal definition, enabling
students to verify the existence of a limit through empiri-
cal observation. This interactivity is intended to evolve
a student's static 'concept image' into a more precise,
dynamic representation of the limit as a mathematical
process. The system operates as a cloud-based environment
designed to visualize the e-§ relationship and the local
functional behavior of finite limits. By adjusting sliders
and observing real-time graphical updates, students
are encouraged to move beyond a purely motion-based
intuition and engage with the formal constraints of the
limit definition. This approach facilitates a 'guided
discovery' process, where the software acts as a mediator
between abstract symbolic notation and visual logic.

The aim of this research is to develop and present
this specialized interactive framework within the Wolf-
ram Language, specifically designed to bridge the gap be-
tween intuitive motion and formal mathematical rigor.
By focusing on the technical and pedagogical design of
the system to address identified learning obstacles, this
study lays the foundation for future empirical research
on its direct impact on student learning outcomes.

The remainder of this paper is organized as follows.
Section 2 reviews the related literature on advanced
mathematical thinking and the role of digital tools in
modern education. Section 3 details the technical imple-
mentation of the Wolfram-based framework and presents
the interactive limit scenarios chosen for the instruc-
tional design framework. Concluding remarks and
directions for future research are covered in Section 4.

2. THEORETICAL BACKGROUND AND
RELATED WORK

Before analyzing specific cognitive obstacles, let us
define the scope of this study. The proposed framework
focuses on functions with finite real local limits. It addresses
obstacles within the standard e-§ definition. While
infinite limits and vertical asymptotes (e.g., f(x) = % ,
as x>0" or x>07) represent significant challenges, they
require a different formal treatment (e.g., limits tending to
infinity using M-based definitions) and are thus excluded
to ensure conceptual coherence within the standard ¢-6
framework, but will be included in future research.
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2.1. CONCEPT IMAGE AND CONCEPT DEFINITION

Unlike other fields of human endeavour, mathematics
relies on strict and formal definitions, which are often
not intuitive for everyone. To understand the cognitive
challenge associated with this rigor, one must first
consider the formal Weierstrass definition of a limit,
which serves as the target concept definition in this
study:

Definition 1. Let f be a function defined on an open
interval containing x,, except possibly at x_ itself. We say
that the limit of f(x) as x approaches x,,1s L, i.e.

L:= limmo flx) (1)
if for every &>0, there exists a 6>0 such that:
0<|x-x,|[<6 = [fx)-L|<e. (2)

However, the psychological reality of learning this
concept often contradicts its formal statement, as
discussed in [2]. The authors distinguish between the
concept definition and the concept image—the total
cognitive structure, including mental pictures and
associated properties, that an individual builds over
time. For most students, the 'evoked concept image' of a
limit is dynamic and motion-based, which often conflicts
with the static, logical nature of the formal definition.

2.2. COGNITIVE OBSTACLES IN LEARNING LIMITS

The transition from intuitive understanding to the
formal e-§ definition of a limit is often hindered by
deep-seated cognitive obstacles. Cornu [3] categorizes
these challenges into distinct categories of obstacles.
While genetic obstacles relate to the student's personal
developmental stage, epistemological obstacles are
inherent in the concepts themselves, often mirroring
the historical struggles of mathematicians like Cauchy
and Weierstrass to formalize the calculus. According to
[2] and [3], these obstacles are not merely 'errors’ but
robust mental constructions based on previous experi-
ences with simpler mathematical concepts. In the con-
text of this study, seven primary obstacles that serve as
the pedagogical foundation can be identified. Five out of
seven primary epistemological obstacles are discussed in
[2] - [4]: the unreachable limit myth, the existence-de-
pendence conflict, the unattainability of indeterminate
forms, the Monotonicity bias, and the directional errors
in jump discontinuities. We also identify a meta-cog-
nitive barrier, which we call 'Symbolic Overload'. This
barrier, based on Kaput’s [5] theory, involves the strug-
gle to track many abstract variables at once—a challenge
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our tool solves through real-time visual feedback. To the
list of known obstacles, we also add a novel one: The
'black-box' obstacle. Namely, nowadays students trust
Al-obtained results without even thinking to check the
result or the logic behind it. These obstacles provide the
conceptual framework for the interactive scenarios
developed in this study.

2.2.1. The 'Unreachable Limit' Myth

Let us consider the limit of a continuous function,
such as f(x) = x%, when x > 2. Sometimes students refuse
to accept that this limit equals to the value of the func-
tion at that point, i.e. L = f(2) =4. They imagine that a
limit is a point that they are getting closer and closer to
but never actually reach it, or that a limit is a boundary
that is moving (not a fixed value). But this contradicts
the formal definition of a limit, since |f (x) - L|<e allows
f(x) = L. This means that the function f (x) can actually
reach the limit L. So, the myth that the limit of a func-
tion is unreachable is a common cognitive obstacle [4].
Our framework addresses this by visualizing the limit
not as a journey, but as a stable neighbourhood.

2.2.2. Existence-Dependence and Removable
Discontinuities

A significant cognitive conflict arises when students
believe that the existence of a limit L at point x depends
on the function being defined at that exact point. Tall
and Vinner [2] noted that students often have a 'concept
image' of a limit as a physical movement along a curve.
If the path is 'broken’ by a hole, they conclude the limit is
undefined. We further remark that this obstacle is often
misunderstood as asymptotic behavior. Namely, in our
pedagogical experience, students frequently equate a
zero denominator (such as in

’;__24 at x=2) with an in-

finite limit. They tend to bypass the analytical investiga-

tion of the neighbourhood and a priori declare the limit
to be infinite, simply because the function is undefined
[2], [4]. This 'infinity bias' is an obstacle that our interac-
tive software targets by allowing students to observe the
stability of the function's behavior even when the point
itself is missing.
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2.2.3. The Unattainability of% and Indeterminate
Forms

The obstacle of unattainability [3] manifests as a
cognitive block when students encounter indeterminate
forms such as 2. There is a common misconception that
if direct substitution leads to an undefined expression,
the limit itself cannot exist. Our framework includes an
example of a trigonometric removable discontinuity
(3™) to demonstrate that the limit exists in this situa-

X
tion. By interacting with the numerical panel, students
sinx

observe that as x approaches 0, the ratio . consistently
stabilizes at 1, demonstrating that the limit is a property
of the function’s behavior in the neighborhood, regard-

less of the discontinuity at the point itself.
2.2.4. The Monotonicity Bias and Oscillations

The monotonicity bias [2] reflects the expectation
that a function must approach its limit in a monotonous
manner. Students often struggle with functions that oscillate
near the limit. We address this through two contrasting
scenarios:

+ Divergent oscillation, such as sin(%): The oscilla-
tions are such that the function can't settle down
at a single point, so there's no limit.

o Damped oscillation, such as xsin(%): Where the
‘Squeeze Theorem' logic is visually demonstrated.
Students observe that despite the oscillation, the
function is 'trapped’ within the &-0 rectangle,
proving that stability—not monotonicity—is the
requirement for convergence. This scenario helps
prevent the misuse of L'Hopital’s rule, which
students often attempt by rewriting the limit as

1
x

) . Since the derivative of the numerator

s
limy o 1
does not converge, the visualization guides stu-
dents toward the Squeeze Theorem by showing

how the function is 'trapped' between boundaries.

2.2.5. One-Sided Sufficiency and Jump Discontinuities

The obstacle of one-sided sufficiency [2] occurs when
students assume that reaching a value from one direc-
tion (usually the right-hand side) is enough to declare
a limit. We use a scenario with the function arctg( %)
that has a jump discontinuity at x = 0 to expose this
misunderstanding. Using our framework, students can
manipulate the § interval and realize the following: the
function tends towards one y-value from the right, and
another value from the left. Since these two values are
different, the limit does not exist.
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2.2.6. Symbolic Overload

Based on Kaput’s theory of multiple representations
[5], symbolic overload occurs when the complexity of
tracking multiple variables (¢,8,|[f(x)-L|) exhausts a stu-
dent's cognitive capacity. Our tool mitigates this by pro-
viding real-time visual feedback. Instead of struggling with
the static, overwhelming notation of the formal definition,
students interact with a dynamic geometric rectangle. As
they adjust the § parameter, the numerical verification
updates in real-time, bridging the formal-visual gap.

2.2.7. The '‘Black-Box' Obstacle

As a novel contribution, we identify the 'black-box'
obstacle. We live in the era of Al so students frequently
bypass cognitive effort by relying on Al-obtained results
without verification. While an AI might correctly state a
limit value, the logic behind it remains a 'black-box'. Our
framework forces a transition to a 'glass-box' model. By
requiring students to manually 'trap’ the function within
the ¢-6 boundaries, the tool prevents uncritical accept-
ance of Al outputs and promotes active, evidence-based
mathematical thinking.

2.3. DIGITAL TOOLS IN MATHEMATICS EDUCATION
2.3.1. Existing Solutions

The use of interactive software in mathematics edu-
cation is a well-established field. It is driven by the need
to visualize abstract concepts. According to [6], GeoGe-
bra is a key tool that changed calculus teaching by pro-
viding a free platform for students to explore math.

Table 1. Mapping Obstacles to Design Scenarios

But there are many other such platforms available
nowadays, like Desmos or Wolfram. Standard educa-
tional applets, such as those developed by McCullough
(GeoGebra) [7], the Wolfram Epsilon-Delta Definition
of a Limit tool [8], or the Desmos Epsilon-Delta demon-
stration [9], provide powerful environments for visual-
izing the limit definition. These tools allow for manual
manipulation of ¢ and § parameters for any user-defined
function, offering a 'sandbox' for exploration. However,
such general-purpose tools often present a high cogni-
tive load due to the simultaneous exposure of multiple
variables and sliders. For many vocational engineering
students, built-in pedagogical guidance is missing. Stu-
dents may interact with the visual sliders without deeply
understanding the mathematical conditions of the
definition.

In our framework, the target value L and the limit
point x, remain fixed for each specific scenario to reduce
cognitive interference. Currently, the tool is designed to
be used by a teacher who guides the students through
the steps. The framework includes three sliders where
the first step is to set the e-neighborhood of L, then to
choose the appropriate value of §, and then to move the
x point to verify condition (2). Our aim is to modify
our framework in the future to enable students to use it
independently. Namely, the plan is to add a step-by-step
guide alongside the graphics. While standard applets
typically enable students to choose the functions randomly,
our framework includes specific scenarios designed to
address common student misconceptions. This allows
students to explore limits in environments where their
intuition often fails—such as at jump discontinuities or
points where the function is undefined.

Target Obstacle Scenario / Function

Instructional Design Strategy

Concept image rigidity flx)=x, x>2

Demonstrating non-linear e-¢ dependency; moving beyond
static models.

x?—4

Removable singularity (algebraic) fX)="==,x>2

Addressing unattainability by separating the limit value from
the undefined point.

flx)=% x50

X

Removable singularity (itrigonometric)

Visualizing the limit as an approachable but unreachable value
in the domain.

Convergent Oscillation flx)=x sin(3), x>0

Visualizing functional convergence in non-monotonic
cases.

Divergent Oscillation f(x):sin(i), x>0

Visualizing the failure to satisfy the e-condition due to high
frequency.

One-sided sufficiency f (x):arctg(%), x>0

Mandatory verification of left and right limit equality at the
jump discontinuity.

Symbolic Overload All Scenarios

Connecting abstract e-8 notation with real-time interactive
visual feedback.

Black-Box Reliance All Scenarios

Shifting from passive Al-results to active, student-led process
verification.
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Our long-term research focus has been on the inte-
gration of digital tools in vocational education. Previ-
ous studies have confirmed that digital learning materi-
als significantly enhance mathematical knowledge and
improve student engagement [10]. This research path
began with exploring the general application of math-
ematical software in vocational education [11] and
evolved into developing specialized software for com-
prehensive function analysis and curve sketching [12].
Further advancements focused on using programming
to bridge the gap between static formulas and geometric
intuition, such as creating animated guides for tangent
and normal lines [13]. The framework described in this
paper is a continuation of this line of research.

2.3.2. Institutional Context and Specific Needs

The proposed framework was developed for the
Academy of Applied Studies, Novi Sad, specifically for
the Department of the Higher Education Technical
School of Professional Studies. Students of three different
study programs (Information Technology, Mechanical
Engineering, and Safety Engineering) are attending
mathematics in the first year of their studies. Among
other topics, the math syllabus includes limits. Voca-
tional education focuses on practical skills rather than
theory. So we need tools that connect mathematical defi-
nitions with intuitive understanding. The system pro-
vides a visual, interactive approach to calculus, designed
for future engineers.

3. SYSTEMARCHITECTURE AND
IMPLEMENTATION

3.1. CLOUD-NATIVE INFRASTRUCTURE

Our framework is created on the Wolfram Cloud.
This makes it highly assessible to students, since they
don’t need to install the Wolfram Mathematica program
on their computers. The framework can easily be pub-
lished, and the appropriate URL shared with students.
Another significant advantage of this cloud-based ap-
proach is the native responsiveness of the interface.
Figure 1 illustrates the framework’s layout during an
oscillation convergent scenario, captured on an iPhone
17 Pro (running iOS 18.6). The screenshot utilizes a
landscape orientation with an extended vertical view-
port to demonstrate how the interface manages content
through a vertical scroll. As shown, the layout dynami-
cally adjusts, maintaining the legibility of the math-
ematical visualization and the usability of the control
elements across mobile devices.

Scenaria; Conlinuous | Removable (Alg) Removable (Trig) Dscillation (Div) | Oscillation [Conv) | Jurmp

Mave point x au
Epsien (i) s
Didta {8}

1)

Damped Oucillaticn (Convergence): lim xsin|—|=0
L "

MY¥TH: ALL escillations diverge.

/

ANALYSIS
x0.14

fix): 0.106

Epsilon Condition:
10106 -0 =0.106 = 0.2
Result: YES (Verified)

REALITY: Damped oscillation with a ‘squeeze’ can converge to exactly &.

Figure 1. Framework layout on iPhone 17 Pro
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3.2. TECHNOLOGY STACK

The implementation of the framework follows a
modular, cloud-native architecture designed to bridge
complex symbolic computation and user web interaction.
The architecture is organized into three distinct layers
(Figure 2):

o The user layer contains the interface that students
can access using a web browser. The visual inter-
face is dynamically generated by the Wolfram
Cloud engine, which translates the high-level
symbolic code into standard HTML5 and CSS/
SCSS components. This ensures compatibility
without client-side plugins.

o The Wolfram Cloud layer hosts our framework
and manages the communication between the
user's browser and the mathematical engine.

o The core logic layer is written using the Wolfram
Language. It performs real-time symbolic evalu-
ations using specific mathematical functions such
as Limit[] and Abs[]. The backend logic verifies
the e-8 condition and generates the updated
graphical content based on user input.

To ensure the educational effectiveness of the frame-
work, the core logic layer provides immediate and
precise feedback to the user. The central part of this
mechanism is the automated verification of the &- limit
definition. As shown in Listing 1, the system dynamically
calculates the absolute difference between the current
function value fVal = f(x) and the limit L, comparing it
to the chosen value of e.

3.3. ALGORITHMIC LOGIC AND INTERACTIVE INTERFACE

The system is designed to help students to under-
stand the -6 condition (2) of the formal mathematical
local limit definition, and to demystify the traditional
myths and cognitive obstacles described in Section 2.2.
Therefore, it offers a menu with 6 scenarios given in
Table 1. When a student chooses a scenario, the system
responds with appropriate function graphics. Besides,
the system offers three sliders for adjusting the values
of x, § and e. For the chosen values of the parameters, a
semi-transparent red rectangle is defined by x€(x -6,x,+0)
and y€(L-¢,L+¢), where L is the limit of the chosen
scenario function as x->x,. By changing the values of
all three parameters, students can determine if the ¢-8

User Layer

HTTPS [ JSON (Slider adjustments)

" Cloud Infrastructure {Wolfram Cloud)

*COIMIDONE ML=

Cloud Interface § APl

Internal Evaluation

Interactive SVG/Graphics

Rendering Requests

Computation Engine (Wolfram Language)
Core Logic

«component= | Mumerical Bounds {[fix)-L| < )

scompanent=

1 “CoOmponemts
CoreLogic Symbolic Calculator | Real-time Feedback Logic Dynamic Graphics Generator
Figure 2. Framework architecture
Column[{
Style["Epsilon Condition:", 1@, Gray],
Row[{"|", NumberForm[fval, {5, 3}], " - ", NumberForm[L, {5, 3}], "| = ",

NumberForm[Abs[fVal - L], {5, 3}], " < ", eps}],
Row[{"Result: ", If[Abs[fVal - L] < eps,
Style["YES (Verified)", Darker[Green], Bold],
Style["NO (Outside)", Red, Bold]]}]
]

Listing 1. -0 condition verification code snippet
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condition (2) is satisfied, by observing if the moving
point (x,f(x)) is inside (Figure 3, left) or outside (Figure 3,
right) the rectangle. The left part of the figure shows the
trigonometric removable discontinuity scenario, while
the right side shows a jump discontinuity. For visual clarity,
the moving point x is presented with a green circle. While
all six scenarios (Table 1) focus on different mathematical
properties, the visualization logic remains consistent,
ensuring a uniform learning experience.

4. CONCLUSION AND FUTURE RESEARCH

In this paper, we presented a modern, cloud-native
framework designed to facilitate the understanding of
the formal -8 limit definition. Using the computational
power of the Wolfram Engine, the application bridges
the gap between abstract mathematical theory and intui-
tive visual representation.

The main contribution of this work is the creation
of an interactive environment that allows students to
change parameter values and to observe the fulfilment of
the e-6 condition in real-time. By applying this to vari-
ous scenarios known to be problematic, the approach
directly addresses common cognitive barriers by trans-
forming static inequalities into dynamic geometric rela-
tionships. The use of a cloud-based architecture ensures
that the framework is accessible across various devices,
which is very important in the era of mobile phones.

Future work will focus on expanding the list of sce-
narios to include infinite limits, limits at infinity (all
types of asymptotes), multivariate limits, and sequence
convergence.

The visualization of asymptotic behavior will present
a particular challenge, requiring dynamic scaling of the
coordinate system to illustrate the function's trend as it
approaches infinity. Additionally, we plan to conduct
a formal pedagogical study to quantify the impact of
this interactive framework on student performance and
long-term retention of calculus concepts, and teacher’s
satisfaction when using the framework in the teaching
process. Our intention is also to modernize the teaching
of mathematics.
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Figure 3. Interactive verification of the limit definition: successful (left) and failed (right) scenarios
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