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Abstract:

Today's artificial intelligence (AI) systems usually take the form of the artificial
neural networks (ANN). One of the earliest ANN structures is the well-known
multilayer perceptron. Determination of the values of the parameters of the
multilayer perceptron is often performed by the error gradient descent method,
called the gradient backpropagation method. In this method, the gradient of
the criterion function, usually the sum of squares of output errors, is computed
layer by layer from the output towards the input. In the classical form of this
method, the gradient values for the parameters of the hidden and the input
layers depend on the previously computed gradient values. This may lead
to either the gradient values of deeper layers decreasing towards zero (the
gradient collapse), or growing to very large values (the gradient explosion). In
either case, the parameter optimisation becomes impossible. In this work, this
problem has been addressed by decoupling the error gradients with respect of
the parameters in one layer from the gradient values in other layers. This has
been achieved by estimating the output error for each layer, here called the
layer synthetic error, and then computing the corresponding gradient values
for each layer separately, thus decoupling the optimisation of the parameters
of one layer from that of another layer. The synthetic error method has been
compared to the conventional backpropagation method in an experiment.
The goal of the experiment has been the training of the ANN on real-world
data, using both methods. The results obtained in the experiment are very
encouraging, as the synthetic error method has shown some clear advantages.
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INTRODUCTION

For the past several decades, the human activities rely increasingly
on technologies with the common name of artificial intelligence (AI).
Nowadays, the AI tasks are predominantly performed by bio-mimetic
technologies, amongst which the most important is the technology of
the artificial neural networks (ANN) [1], [2], [3], [4]. In the ANNs, data
transformations are performed by simple interconnected processing
elements. Each processing element, the artificial neuron, performs some
elementary algebraic transformation and passes its result to the neigh-
bouring processing elements.
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The knowledge in the artificial neural network is,
as is the case in biological networks, stored in the form
of interconnections between the processing elements,
and, in particular, in the values of the parameters regu-
lating the passing of the results between the neurons.
The process of training the ANN for a particular task is
achieved by optimising the values of the parameters of
the network.

Artificial neural networks come in many forms and
variants. One of the very first ANN structures is the
multilayer perceptron network. It has been proposed
already in 1943 [5], and it may be considered to be the
foundational structure for all the subsequent develop-
ments in this domain. The processing element in the
multi-layer perceptron network is the perceptron. The
transformation performed by the perceptron is the
computation of a weighted sum of the input values, and
applying a non-linear function to the computed sum [6],
[7]. Multi-layer perceptron networks have the ability to
approximate functions with arbitrary accuracy, and today
they have been in use in a wide range of applications [8],
[9], and [10].

The process of network learning determines the
values of the network parameters, which are the weight-
ing values of the inputs to the perceptron. The weighting
coefficients of the inputs to artificial neurons are called
the synaptic coeflicients, and the non-linear function
transforming the sum is the activation function, which
reflects the vocabulary of the biological neural networks.
The activation function has initially been the hard limiter
(step) function, but this activation function has an incon-
venient property of preventing the use of the classical
optimisation methods, and in particular the gradient
descent method. Thus, smooth versions of the activation
function, amenable to the optimisation methods, have
been proposed [11], [12].

In the gradient backpropagation method, the gradient
of the criterion function, usually the sum of squares of
output errors, is computed layer by layer from the out-
put towards the input [13]. The method has proven to
be effective in parameter optimisation, however, it has
some serious drawbacks when applied to multi-layer
perceptron networks. Namely, the gradient values for
the parameters of the hidden and the input layers depend
on the previously computed gradient values [14]. This
may lead to either the gradient values of deeper layers
decreasing towards zero (the gradient collapse [15],
[16]), or growing to very large values (the gradient explo-
sion [17], [18]). In either case, the parameter optimisation
becomes impossible.
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In this article, the problem of the mentioned drawbacks
of the gradient backpropagation method (the gradient
collapse and the gradient explosion) has been addressed.
The main idea is that the computation of the error gra-
dients with respect to the parameters ought to be decou-
pled from one layer to another. This has been achieved
by estimating the output errors for each layer. These
estimated error values are here called the synthetic er-
rors. The synthetic errors are estimated by a new subtle
modification of the conventional gradient backpropaga-
tion method. When the values of the synthetic errors
for each layer are known, the classical gradient descent
method may be applied to optimise the parameters of
one layer independently of the gradient values for other
layers. With the help of the synthetic error values, the
gradient optimisation is confined only to the currently
treated layer. This prevents the issues of the gradient col-
lapse and the gradient explosion. Although producing
an estimate of the synthetic error requires additional
computational effort, the benefit of applying the method
of the synthetic error propagation in the training multi-
layer perceptron networks is that the parameter optimi-
sation becomes faster and more reliable.

Section 2 of this work briefly explains the conven-
tional gradient back-propagation method. Section 3 fol-
lows with a presentation of the synthetic error propaga-
tion modification of the gradient backpropagation. In
Section 4, the results of a numerical experiment have
been presented. In the experiment performed, the two
methods, the conventional back-propagation and the
synthetic error propagation, have been compared. The
goal of the experiment has been a training of the ANN
for the task of time series prediction, using both of these
two methods. The data set used in the experiment is the
widely known time series of the number of sunspots
observed during the past two centuries. The results ob-
tained in the experiment are very encouraging, as the
synthetic error method has shown some clear advantag-
es in the shortening the training time, and in the reduc-
ing the prediction error. In the concluding section, the
performance of the synthetic error propagation method
has been critically evaluated, and some directions have
been given regarding the future investigations and steps
for its enhancement.
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2. GRADIENT BACK-PROPAGATION

A single perceptron performs a simple transformation
of its inputs.

y=o(s)=o(Zax -a) (1)

where X, is the vector of inputs, y is the perceptron
output, o is the activation function of the perceptron, s
is the weighted sum of inputs, called the synaptic sum, ,
is the vector of synaptic coefficients, one per input signal,
and a, is the biasing coefficient of the synaptic sum.

The gradient back-propagation method is presented
here for a three-layer perceptron network, though it is
clear that it may be extended to networks with an arbitrary
number of layers.

Let a three-layer perceptron network have m = n(0)
inputs, n(1) neurons in the first layer, #(2) neurons in
the second layer, and #n = n(3) neurons in the third, i.e.,
the output layer. Thus, the input layer has m = n(0) inputs
and n(1) outputs, the second layer has #n(1) inputs and
n(2) outputs, and the third layer has n(2) inputs and
n = n(3) outputs. The outputs of the layers have been
computed using the following formulae:

Xi(1) = (5(1) (Si(l)) = 0(1) (Zjni? ai(jl)xj a aél)) (2)
£ _ o0 (Si(z)) _ . (Zjnfl) alx) af,?)) 3)

yi=x = o (@) =0 (Y2 alx? — o) (4)

For each set of input values x fed to the network, a
corresponding set of the required network output values
¥ has been compared to the output values produced by
the network y. For each output, an error value has been
computed as e; = ¥; — yi. The criterion function for the
optimisation is the sum of the squares of the error values
of the outputs, ¢ = Z]“: ,¢/>and the goal of the optimisa-
tion is its minimisation.

The gradient values for the parameters of the third
layer, i.e. the output layer, are computed readily as:
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Going deeper into the layers, the gradient values get
more and more complicated:
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Evidently, the expressions for computing the gradient
values of each deeper layer include the expressions for
the computation of the gradient values of the previous
layers, i.e. of the layers nearer to the output. Once the
trend in the gradient values is set in a direction, decrease
or increase, it will have a tendency, respectively, of
decreasing or increasing more and more. These decreases
or increases in the gradient values carry the names of the
gradient collapse and the gradient explosion.

The optimisation of the network parameters, in its
simplest form, is just an iterative adjustment of the value
of the corresponding parameter, using the computed
gradient values. E.G.

oC
a(t+1) =) - A9 (0 (11)
ij

where A®)(¢) is the iteration step. The expressions for
the adjustment of other parameters are analogous and
have been omitted here for the reasons of brevity.

3. SYNTHETIC ERROR PROPAGATION

In a manner similar to that presented in the previous
section, it is also possible to compute the gradient of
the criterion function with respect to the layer's input
values. Then, it is possible to use these gradient values
to adjust the input values of that layer in order to reduce
the criterion function. The guiding idea here is that the
layer parameters may be better adjusted when the cor-
rect input and output values have been presented to the
layer. The adjusted layer inputs are thought to be more
correct than the inputs present before the optimisation
step, and this could lead to a faster parameter optimisation
process.

The gradient of the criterion function with respect
to the input signals to layer 3, i.e. to the output layer, is:

86 (")
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The value of signal xj(z) should then be decreased by
the computed adjustment value:
@ _ A 9C

(13)
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These adjustment values are the values of the synthetic
error estimates of the inputs to layer 3. As the inputs to
layer 3 are the outputs produced by layer 2, it is possible
to adjust the parameters of layer 2 by using (5) and (6)
and the computed synthetic error (13). These expres-
sions are simpler and do not depend on the values of the

gradients of other layers. The synthetic error estimates
n(2) (2)
e

=1 1

of layer 2 form a new criterion function ¢c® ="
from which it is possible to estimate the gradients of the
inputs to layer 2.
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Clearly, the values of the gradients of the criterion
function of layer 2 do not depend on the gradients of the
output criterion function. The values of parameters aij‘z)
are adjusted by applying an expression similar to (11).

oCc®
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Progressing through the layers towards the input, we

see that the inputs to layer 2 are the outputs of layer 1.

The gradient of the criterion function of layer 2 with

respect to the inputs of layer 2, i.e. with respect to the

outputs of layer 1, are:

) (2

ac® we % (Si ) 2)

—_—= —Z 3 17

ROV (17)

With this gradient value, the error of the outputs of
layer 1 has been estimated, and the value of signal x/"
has been modified by the adjustment value:
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This is the synthetic error estimate of the outputs of
layer 1. As has been the case in previous layers, the sum
of squares of the synthetic errors of layer 1, form the
criterion function for layer 1,c") = Zlnz(ll) eV With this
value, again, it is possible to use (5) and (6) and (18) to
compute the derivatives of the criterion function with
respect to the parameters of layer 1, and then to use this
value to adjust the values of the synaptic coefficients of

s 3o ()

layer 1.

X (19)
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In case when the synthetic errors of the layer outputs
have been correctly estimated, it is supposed that the
values of the synaptic coeflicients adjusted layer by layer
using the synthetic error will converge faster to their
optimal values.

Here, it has to be mentioned that, although there is
a clear analytical justification for the use of the gradient
descent in parameter optimisation, it is, in fact, an itera-
tive approximation method. The synthetic error method
proposed here does not replace completely this iterative
approximation process, but it has been designed to im-
prove its performance. The advantages of the synthetic
error propagation method have been shown experimen-
tally in the following section.

4. EXPERIMENTAL RESULTS

In order to test the claims announced in the intro-
duction, a numerical experiment has been conducted.
The data set used in the experiment is the well-known
time-series of monthly observed numbers of sunspots,
collected during a bit more than two centuries. The
graphic view of this data has been represented in Figure
1 - Monthly number of sunspots. The data set has been
scaled and translated to fit the limits of 0.1 and 0.9, as
required by the unipolar sigmoid activation function,
which has been used in a multi-layer perceptron net-
work employed in the experiment.

The experimental goal has been the prediction of the
number of sunspots for 12 months in advance, from the
observation of the number of sunspots during the previous
year (12 months). The structure of the neural network
used is a three-layer perceptron network, having 12
inputs and one output. The number of hidden neurons
has been left as an experimental variable.

In the notation of section 2, we have m = n(0) = n(1) = 12,
n(2) has been left open, and n = n(3) = 1. In all the net-
work layers, the activation function has been the unipolar
sigmoid function:

_ 1
T l4ex

6W(x) = 6P (x) = ¥ (x)

In all cases, the iteration step of the gradient method
has been chosen to be equal for all the layers for both meth-
ods, the gradient back-propagation and the synthetic error
propagation. That is: AV(f) = A?(t) = A®(t) = 0.1. For the
synthetic error method, the layer output adjustment step
has been chosen to be much larger, and equal for all the
layers: AW(t) = A @(t) = 1.
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Two perceptron networks, one for each of the meth-
ods, and for various numbers of neurons in the hidden
layer, have been trained using supervised learning on
the dataset. During one learning epoch, all the data of
the dataset have been presented to the network. During
an epoch, the synaptic coefficients of the network have
been adjusted according to the method applied to that
network, the gradient backpropagation or the synthetic
error propagation. At the end of each epoch, the aver-
age of the criterion function during the epoch has been
computed. This value is presented in the figures in this
section.

The trials have consistently shown a clear reduction
of the criterion function value when the synthetic error
method has been compared to the conventional back-
propagation method. This has been shown in the cases
of three-layer perceptron networks with 9 hidden neu-
rons, shown in Figure 2 - Network criterion function
for 9 hidden neurons., with 13 hidden neurons, shown
in Figure 3 - Network criterion function for 13 hidden
neurons., and also in the case of a network with 20
hidden neurons, as shown in Figure 4 - Network criterion
function for 20 hidden neurons. Although these are
only preliminary results of this research topic, they
are extremely encouraging. The synthetic error method
has shown clear advantages, achieving lower values of
the criterion function for a lower number of epochs of
network training.

5. CONCLUSION

A new idea for improving the gradient backpropa-
gation algorithm, widely used in supervised training of
multi-layer perceptron networks, has been presented in
this work. It has been provisionally named the synthetic
error propagation. The essence of this new method is
that it estimates the errors of the outputs of the network
layers preceding the output layer, i.e. the hidden and
the input layers. This error is used to compute the cri-
terion function for each layer separately, and from this
its gradient with respect of the parameters of that layer.
The parameter optimisation, i.e. the network training,
is being performed within each layer separately, which
prevents the problems of gradient collapse and of gradi-
ent explosion. The idea has been tested on a well-known
data set, the monthly sunspot counts, and a multi-layer
perceptron network has been trained to predict the
number of sunspots from past observations. The results
of the application of the synthetic error propagation
have been compared to the results obtained by the con-
ventional gradient back-propagation method. It may
clearly be observed that a shortening of the number of
epochs of network training takes place when the synthetic
error method is being used.

There is still a considerable amount of research to be
completed in order to confirm the viability of the idea, to
find its best modalities and its limitations in application.
Some of the topics that may lead to an improvement are
trials on multi-layer perceptron networks with multi-
ple hidden layers, the application of some sort of for-
ward-backward traversal in the process of optimisation,
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Figure 4. Network criterion function for 20 hidden neurons
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and finding the right compromise between the accuracy

of the synthetic error estimation and the rate of decrease

of the criterion function. Despite the fact that there is

still a lot of work to be done, the author strongly believes

in the usefulness of the synthetic error propagation

approach and presents the work performed so far with

confidence.
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