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Abstract:

Quasi-cyclic codes of index 1% are considered in this paper. Our main aim is to
show how we can obtain generator matrices of such codes. It should be emphasized
that generator matrices are not uniquely determined. The method of obtaining
generator matrices will be illustrated with examples.
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INTRODUCTION

In the introduction section of this paper we give some important defi-
nitions which are necessary for understanding the text. Suppose that F is
a finite field (i.e. a field that have a finite number of elements). The exam-
ples of finite fields which are the most common in the literature are the
rings (Z,+_,+ ), where p is a prime number. Suppose that n is a natural
number. A word (of length n) over F is any (fo’fl’“"fm) , where
f €Fi=0,n-1. A linear code (of length n) is any subspace C of F" .

It dim(C)=r (i.e. (c)pC)pCor ) (€€ peerCy ) s (€€, peneC, ) ) S
a basis of a linear code C) then the following 7 X n matrix
Co0  Coa Con-1
Co cl.,l Crnm o
Cro G Crint

is a generator matrix of a linear code C.

In the paper [1] the author proved that linear codes are asymptoti-
cally good.
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The question is:

“When we say that codes are asymptotically good? “

In order to give the answer to that question we need
to define the rate of C (the symbol - R(C)) and the

relative minimum distance of C (the symbol - A(C)).

Namely,

R(C)= dirr;(C)

and AC)=2 )
n

where d is the minimum Hamming distance of C (an
American mathematician Richard Wesley Hamming,

1915 - 1998). Before we continue, let us recall the following:
The Hamming distance between ¢ = (c,,¢,,...,c, ) €C

and ¢’ = (¢y,¢},-..,C,_,) € C is the number of positions
at which ¢ and ¢’are different.

Example 1. (The Hamming distance) In this example
we will determine the Hamming distance between

a) 00000 and 11111. In this case the Hamming distance is 5;

b) 2564318 and 2769378. In this case the Hamming
distance is 3;

c) tara and tama. In this case the Hamming distance is 1. ¢

If the sequence C1, Cz, ... of codes (of length n,i=1,2,

..., going to infinity) over the field F satisfies:
R(C;)and A(C,) are positively bounded from below (3)

then for such sequence of codes we say that it is a as-
ymptotically good. If inside of some class of codes there
exist asymptotically good sequences of codes then for
such class of codes we say that it is a asymptotically good
class of codes.

Suppose that IT, is a permutation group on the index
set {1,2,...,n} of coordinates of F". For a linear code C (in F")
we say that it is invariant by the IT - actionif : V7 €I1,,
VeeC, n(c)eC,

If 1, =((12...n)) is a cyclic group generated by the
cycle (12 ... n) and Cis invariant by theIT - action (in F"),
then Cis called a cyclic code of length n.

The answer to the question:

»Are the cyclic codes asymptotically good?”  (4)
has not been given yet [2].

If T1, ={(12...n\n+1,n+2,...,2n)) is a cyclic group
generated by the product of the corresponding two cycle
(12..n)and (n+1, n+2,..., 2n) and Cis invariant by the
I1, - action (in " x F"), then C is called a quasi-cyclic
code of index 2 and co-index n.
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Generaly, if I, is a permutation which is the product

of m disjoint cycles of length # and C is invariant by the

I1, - action (in M ), then Cis called a quasi-

cyclic code of index m'and co-index n.
1
2. AQUASI-CYCLIC CODE OF INDEX 15

The product
F, (X< [x] (5)

is considered, where F[x ]/<x" —1> is denoted by F,[X]
(ie. F[x]/(x™ ~1)is denoted by £, [X]).

Each element of (5) is represented (uniquely) as
(g(x),g'(x)), where

2n-1

n—1
g(x)= Zg,-xi and g'(x)= Zg;xf (6)
i=0 =0

and g,,g’ € F,i=02n-1,j=0,n-1.
The element (g(x),g'(x)) can be identified with the word

(go,-~~,g2n72ag2;171,g(,)7'"7g:,71) ern XF”' (7)

Suppose that 7 is a permutation of the coefficients of
F? x F" which is the product of 2 disjoint cycles of
length 27 and n such that

' ' "oy
”(gO"‘"g2n72’g2n71,g0""’gnfz’gnfl) =

(an—l’g07""g2n—2,g;t—l,g(,)5‘"’g:l—Z) ®)

Hence, the permutation 7z (on F'>" x F'") is corresponding
to the operation by multiplying X (on F,,[X |x F,[X]).
X(g(x),£'(x)) = (Xg(x)(modx™ ~1), Xg'(x)(modx" ~1)) (9)
If a linear subspace C of F,, [X]xF [X] is invariant by
the permutation 7 i.e.

V(g(x).g'(x))eC  X(g(x).g'(x)eC  (10)

then C is called a quasi-cyclic code over F of index
1% and co-index 2n.

The operation by multiplying X (on F,, [X |x F,[X]). can
be extended as follows:

For any f(x) € F[X] and any (g(x),g'(x)) € F,,[X|x F,[X]

S ()(g(x),g'(x) =
(f (0)g(x)(modx*" —1), f (x)g(x)(modx" 1)) (11)

The previous operation can be abbreviated
(on F,[X]x F,[X]) as follows:

S)(g(x),8'(x) = (f (x)g(x), f (x)g'(x)) (12)
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The product (5) is an F,,[X] - module and its F}, [ X ]
- submodules are just the quasi-cyclic codes of indexl%
and co-index 2n. An F,, [ X ] - submodule of (5) is gener-
ated by at most two elements.

Let (g(x),g'(x)) be any element of the product (5),
then the set
(0@ @@ e, XX f@er, ] (13)
is a quasi-cyclic code of index 1% and co-index n
generated by (¢(x),g'(x))and will be denoted by C, ) (-

We will deal with the following question:

How to get a generator matrix of C, ) ..,?  (14)

A The generator matrix of C, ) ..,
Glg().g'()].

Let

will be denoted by

g =gy tgxt..+g,, X" and
g =g +gix+..+g " (15)

Using the coefficients g, i = 0,2n—1 i.e.a word

(895 &15+++:&2n1) (of length 2n) and the coefficients
g, j=0,n—1 ie. aword(g& &) (of length n) the
following matrices of the order 21 and n, respectively,

are constructed:

g & an—l_
Gleg(x)]= gz:,,_] g:o gz;’_z and
8 g - &
g & - &
Glewl=| S & e (16)
g & - & |

As we can see the matrices G[( g(x)] and G'[g’(x)] are
constructed such that they have the following property:
its i-th row is the right cyclic shift of its (i -1)-th row. The
matrices with such property are called circulant matrices.
We will single out just some of the most important
information in relation to these matrices: 1. If A, B are cir-
culant matrices then AB=BA; 2. If A is a circulant matrix
A then is also a circulant matrix. For more information
about these matrices we suggest the following papers:
[3] and [4]. Circulant matrices belong to the class of
Toeplitz matrices (a German mathematician Otto Toeplitz,
1881-1940) which have the following form:

L l n-2 by
Ly 0 lis bio
T=\t, t, ‘ lys (17
. f
I S S O
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Example 2. (The examples of Toeplitz matrices)

1 802 4 1 302 4
5180 2 41 3 0 2
T=/3 51 8 0land T,=|2 4 1 3 0[.¢ (18)
73518 02 41 3
97 3 5 1 302 41

More information about Toeplitz matrices can be found

in [5], [6] and [7].

Using the matrices (16) the following 27 x3n matrix
is constructed:

(g & o Zua & & o ]

&1 8o < & g;fl gé g:;fz

, i 2 - & & & - &
Glg.g'ol=| = o S (19)

&, &1 oo &ua g & - &

& & o & & & o &

L& & - & & & - & |

Namely, it is easy to see that:
Cotaior= {fy frveos o Jle @& DN Sronfon )€ F.(20)

The matrix (19) does not have to be a generator

matrix of C because its rank does not have to be

g(x).g"(x)
equal to 2n. In order to give the answer to the ques-
tion (14) we need the following theorem presented and

proved in the paper [8] by Y. Fan and H. Liu.

Theorem 1. (Theorem 2.4. [8]) Suppose that the poly-
nomials Pe e *) and 7, ., (x) , for any,
(g(x),g'(x)) € F,,[X]x F,[X] are defined as follows:

Poien(X) =ged(g(x),x" +1)- ged(g(x),g'(x),x" —1) and
X" =1

- (1)
Patogn(X)

Fe(g' (X) =

Then, (g(x),g'(x)) induces an F,[X] -homomorphism

hg(x),g'(x) : F2n [X] - F2n [X]X Fn [X] SuCh that:
F(0)—2 5 (x)g(x), £ (0)g'(x)) (22)
and
Ker(hyy ¢ = <r g<x>,g'<x>(x)>F2” ] (23)
ie.
dim(C, () o)) = (7 (1) g (X)) (24)
Proof.
Namely,

g(x) € Ker (hg(x>,g'(x>)
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if and only if
g(x)g(x) =0 (modx™ —1) and ¢(x)g'(x) =0 (modx" —1)
if and only if

q(x)g'(x) =0 (modx" +1), g(x)g'(x) =0 (modx" —1)

and g(x)g'(x)=0(modx" —1)

If and only if

q(x)g(x)=0(modx" +1) and
q(x)ged(g(x),g'(x))=0(modx" —1)

if and only if
x"+1
=0 (mod——— ) and
1=0 M8 e +1)
x" =1
g(x)=0 (mod )
ged(g(x),g(x),x" —1)
if and only if
x"+1 x" =1
x)=0(mod - . - —)
1) ged(g(x),x" +1) ged(g(x),g'(x),x" =1)
ie.
q(x) e <”g<x>,g'(x>(x)>F2” [+]
Especially,

dim(C, () () = dim(F, [X]) —dim(Ker(h,,) ,(.)))
=2n— deg(pg(x),g'(x) (x)) = deg(rg(x),g'(x) ()C)) . ’

Finally, we shall give the two examples and in these
examples we shall illustrate the method of obtaining a
generator matrix of Cy ) /(-

Example 3. Letn=2,F =(Z, +,,2,), g(x)=1+x’and
g'x)=x.

Then,
1 0 0 1
1 1 0 0 0 1
chi+x?|= and C’x:{ } 25
exl= b=, ol @
0 0 1 1
ie.
1 001 01
1 1.0 01 0
C[1+x3,x]= . (26)
01 1 0 01
001110
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Since,

P, (X)=ged(1+ 2, x7+1)-ged(1+x7,x,x° 1) =1

and
4 4
rl+x3x(x): i _1 :x _1:x4_1’
| p1+x1,x (x) 1
based on Theorem 1, it follows that
dim(C1+x3,x) = deg(’/'l+x3,x (x)) = 4 (27)

i.e. the generator matrix of C,_, is equal to the matrix

(26). ¢

Example 4. Letn=2,F =(Z, +;,9;),
g(x)=1+x+x"+x’and g'(x)=2+x.

Then,
1111
1111 2 1
C[1+x+x2+x3]: and C'[2+x]= (28)
1111 1 2
1111
ie.
1 11121
L 11111 2
Cli+x+x*+x° 24 x]= . (9)
1 111 2 1
1 1111 2

Since,

J 2+x()c) =ged(I1+x+x"+x°, x> +1)-
R ged(I+x+x> +x° 24+ x,x° =) =x" +1

and

x4_1 _x4_1_ 2
(x) x*+1

rl+x+x2+x3,2+x (x) = >

T+x+x+x° 2+x

based on Theorem 1, it follows that

dim(C ) =deg(r,

>
I+x+x'+x3,2+x

(x)=2

+x+x2 +x3,2+x

i.e. the generator matrixof C__, ., is
T+x+x"+x7,24x

1 111 21

é[1+x+x2+x3,2+x]=
11111 2

} 0 (30)

47
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