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Abstract:

In this paper, we present our experience in teaching mathematics online using
GeoGebra as a software tool. The GeoGebra teaching materials developed and
used for the online trigonometry course for Gymnasium students are shown
and described in detail.

The experiences of teachers and students are presented and discussed. Also, in the
paper are presented the research results related to the achievements of students
during the online and classroom teaching and learning process.

The research results indicated that the application of GeoGebra materials during
the online teaching process had a positive impact on maintaining the admissible
level of students’ achievements.
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INTRODUCTION

Education worldwide is currently facing major challenges, consid-
ering the conditions imposed by the pandemic. Both teachers and stu-
dents are faced with new ways of teaching and learning. With the help
of technology, we have managed to sustain the educational process, but
we encountered many obstacles. In the spring of 2020, when new condi-
tions and restrictions emerged, it was necessary to establish, as soon as
possible, an online teaching process. At the time, we did not have at our
disposal the technical equipment needed for real-time online teaching
(such as pen tables). The mathematics teaching process was particularly
vulnerable because, to be able to give our students the maximum, it was
necessary to provide them with learning conditions that would corre-
spond to the direct contact we had in the classroom.

Trigonometry is one of the main subjects in the high school math-
ematics curriculum. Understanding trigonometry is very demanding
for students even in normal conditions because they need to adopt the
three representations at the time: algebraic, geometric, and graphic [1].
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In an online classroom and without the possibility for re-
al-time contact, we had to find a way to show our students
all three representations. We have chosen to use GeoGe-
bra software as a tool for an easier understanding of basic
trigonometric concepts and functions. The GeoGebra
software was chosen because it provides the possibility of
multiple representations, and also for its dynamic nature
suitable for making simulations and animations.

2. GEOGEBRA SOFTWARE

GeoGebra is open-source dynamic mathematical
software that can be used to implement various math-
ematical theories. It is designed both, for scientific and
educational purposes. One of the main GeoGebra’s fea-
tures is the possibility for multiple representations of
concepts: algebraic, geometric, and graphic. In this way,
objects can be displayed in multiple representations at
the same time and it is possible to manipulate them. All
representations are related and the change of parameters
in one representation automatically implies changes in
other representations. In that way, GeoGebra allows us
to manipulate the objects and variables, that is, to make
simulations and animations.

GeoGebra supports multiple platforms and can be
installed on computers, tablets, and mobile phones.
When installed, the user can create materials, but there
is also the possibility of using ready-made materials
available on the official GeoGebra site [2]. In that way,
the materials can be used or shared at any time.

When it comes to its application for educational pur-
poses, the main feature of GeoGebra is its ease of use
and low requirements regarding the training of teachers
and students for its application in teaching and learn-
ing practice. However, this is very powerful software,
with the ability to meet the requirements of all users.
The dynamic nature of GeoGebra is one of the main rea-
sons for its use in STEM education [3]. Due to its visual
and dynamic properties, GeoGebra is very often men-
tioned in research in education and teaching [4]. Today,
GeoGebra is a software that is constantly present at all
levels and in many fields of education, especially in the
teaching of mathematics and sciences [5], [6].

For all its features, we have chosen GeoGebra as a
supporting tool for teaching trigonometry. There were
reported positive experiences in teaching trigonometry
using GeoGebra [7], [8]. Those positive experiences
were related to student achievements, understanding of
basic trigonometric concepts, and also to the motivation
of students for learning.
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3. GEOGEBRAASSISTED TRIGONOMETRY
LEARNING

In the spring of 2020, we started with the online
teaching process. In Gymnasium Zrenjanin was organ-
ized using the Google Classroom platform. The existing
teaching schedule was realized in such a way that the
teachers sent students written materials that contained
lessons that were processed according to the curricu-
lum. The materials for mathematics contained all the
concepts and explanations related to the topic being
covered, tasks and detailed solving procedures, as well
as practice tasks. Students studied these materials and
were able to ask the teacher a question using the Google
Classroom option for comments. But, this kind of com-
munication was slow and the lack of direct communica-
tion was more than obvious. However, the students were
able to follow the materials at the beginning while topics
started at school were still being addressed. When trigo-
nometry had to be started, there were some concerns
present about how will students learn and understand
some completely new concepts to them using only writ-
ten materials.

For that purpose, we decided to use technology to
enrich the written materials with the GeoGebra dynamic
elements which could help students to see and to better
understand the connections between trigonometry con-
cepts by giving them the possibility to manipulate the
objects within those dynamic materials. For teaching
trigonometry online, we used GeoGebra materials that
we previously have made and designed. We uploaded
those materials as resources on the official GeoGebra
site. We made five GeoGebra materials, considering all
the topics covered by the trigonometry course. Those
topics were as follows:

Unit circle;
Reduction to the first quadrant;
Graphs of trigonometric functions;

Trigonometric functions with parameters;

A

Trigonometric equations.

For each of these topics, the link toward the match-
ing GeoGebra material was included in the written
material. The link provided students with access to the
GeoGebra material which they could use for learning
and practice.
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3.1. UNIT CIRCLE

The unit circle is the basic concept with which stu-
dents first get acquainted when learning trigonometry.
They have to master and understand the representation
of four trigonometric functions (sinx, cosx, tgx and ctgx).
For that purpose, we created GeoGebra material as pre-
sented in Figure 1.

In the left window, there is a graphic representation
of the unit circle. All four trigonometric functions are
labeled and marked in different colors. On the circle,
there is a point M that can be “dragged” on the circle
thus changing the angle «. In that way, students can ob-
serve how a change in angle affects the change of the
values and signs of trigonometric functions. The values
and signs of the trigonometric functions are displayed
in the right window, and the change of position of the
point M on the unit circle corresponds to the change of
values in the right window.

3.2. REDUCTION TO THE FIRST QUADRANT

With the reduction to the first quadrant students
usually have a lot of problems, mostly due to miscon-
ceptions about unit circle and signs of trigonometric
functions. To avoid that, we created GeoGebra material,
which also consists of two windows, Figure 2. The win-
dow on the left is used for geometric representation. The

students can move the point M on the circle, changing
the angle ¢ that is, the quadrant in which the angle ¢ is
located. At the same time, on the circle are represented
the angle ¢ (marked yellow), and the two other angles
used for reduction to the first quadrant, angle o (marked
blue, used when reduction is realized as, = a £ kmk € Z
and angle (mar;g[ed red, used when reduction is real-
izedasQ =a % k—,k € Z.1n the window on the right,
there is an algebraic representation of reduction to the

first quadrant, using both angles, a and §.

In this material, the three representations (graphic,
algebraic and dynamic) provided students with a deeper
understanding of the problem of reduction to the first
quadrant because they could experiment with angles in
all four quadrants and at the same time observe the con-
nections between the angles involved in reduction.

3.3. GRAPHS OF TRIGONOMETRIC FUNCTIONS

The GeoGebra material for trigonometric functions
is presented in Figure 3.

In the left window, there are four checkboxes, one
for each trigonometric function and the unit circle. By
checking one function in the left window students can
observe its graph in the right window. Both windows are
dynamically connected, meaning, when students move
the point M on the circle in the left window, the function
is plotted in the right window.
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Figure 1 - Unit circle.
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Figure 2 — Reduction to the first quadrant.

Also, the functions periods are highlighted in differ-
ent colors. It is also possible to check more than one
checkbox in the left window so that it can be observed
more functions’ graphs at the same time. We have in-
cluded this possibility in the GeoGebra material so that
students can see the similarities and differences between
the graphs of trigonometric functions.

3.4. TRIGONOMETRIC FUNCTIONS WITH PARAMETERS

One GeoGebra material was made for trigonometric
function with parameters, Figure 4. It is also designed
with two windows. In the left windows, there are four
checkboxes, for each trigonometric function shown in

the form of three parameters: y=a f(bx+c). Below check-
boxes, there are three sliders, one for each parameter:
a, b, c.

Students could change the parameters’ values by
moving the sliders and at the same time observe in the
right window how the graph of a trigonometric func-
tion is changed (the graph is marked red) and also they
could compare it to the graph of the basic trigonometric
function without parameters (graph is marked black).
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Figure 3 — Graphs of trigonometric functions.
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Figure 4 - Trigonometric functions with parameters.

3.5. TRIGONOMETRIC EQUATIONS

The GeoGebra material for trigonometric equations
has checkboxes in the right window, one for each trigo-
nometric function. The form of the trigonometric equa-
tion is f(x)=a (where f(x) can be sinx, cosx, tgx or ctgx).
The unit circle in the left window is used for choosing
the value a in the equation, e.g. for selecting the type of
equation by moving the point M on the circle. Also, by
including the unit circle in this material we intended to
show a graphical representation of all solutions for each
kind of equation, Figure 5.

By setting the desired equation form using a unit circle,
the students can see its solution in the right window. The
solutions are given in two ways, as values of angles on
interval [0,277] and also in the general form below.

The most important goal of this material is for
students to see how the solutions of trigonometric equa-
tions are connected and that they are periodically
repeated.
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4. RESULTS AND DISCUSSION

First, it is important to emphasize that the presented
materials were available to all students and that they
were already familiar with GeoGebra because they have
used it before for learning mathematics as a supporting
software tool.

During the online teaching process using writ-
ten materials together with the links to the GeoGebra
materials, we monitored students’ reactions and their
achievements in learning. Especially, the homework of
each student was carefully examined, to detect eventual
weak spots which needed further explanations.

The students’ reactions to the GeoGebra materials
were positive, they commented that these materials
helped them to understand the concepts of trigonom-
etry. They emphasized that the dynamical nature of Ge-
0Gebra, i.e. the possibility to manipulate the materials
and create different angles, choose parameters’ values
and compare trigonometric functions was what they
needed to be able to better understand trigonometry.
The students also suggested to the teacher that they wish
to use GeoGebra materials in the future, for learning
other courses of mathematics.

The students from generation 2020 had the trigo-
nometry course realized completely online, using only
written and GeoGebra materials. We wanted to com-
pare the achievements of students from this generation
to the achievements of students from previous genera-
tions who traditionally learned trigonometry, in the
classroom in the school.
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Figure 5 - Trigonometric equations.

We had the data on the results of the trigonometry
test for generations of students from 2016 to 2020. All
generations of students had similar tasks on the trigo-
nometry test and all generations had the same mathe-
matics teacher. The only difference was that the teaching
process with generation 2020 was realized online and
with the other generations in the classroom. We com-
pared the percentage of the students’ grades (from 5 to
1) on the trigonometry test, Figure 6.

Observing the grades of the 2020 generation, it can
be noticed that (except for the generations 2018 and
2017 where exists a large disproportion of the highest
grades among all other generations) the achievements
of this generation is not particularly different com-
pared to 2019 and 2016, or the average achievements of
generations 2016 - 2019 in total (marked on the graph
with 2016 - 2019 AVG), Figure 6. It implies that online
teaching and using GeoGebra materials can contribute
to teaching and learning trigonometry.

We also compared the average grade of all genera-
tions on the test. The average grade for generation 2020
was 3.40, while the average grade for generations 2016
- 2019 in total, was 3.58 which implies that students’
achievements during the online teaching process did
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not fall behind the achievements of students who were
taught in the classroom.

Although we have returned to the classroom after 2020,
due to the positive experiences of both, students and teach-
ers, we still use the GeoGebra materials presented in this
paper as supporting materials for teaching trigonometry.

5. CONCLUSION

Teaching trigonometry courses in high school can
be very challenging even in normal conditions, not to
mention the online teaching process. However, in both
cases, it is of great importance to find the best possible
approach to present and explain trigonometry to the
students.

Modern software tools allow teachers and students
to explore various aspects of learning mathematics. Ge-
oGebra software has proven to be particularly useful for
teaching and learning mathematics because of its dy-
namic nature and the possibility for multiple representa-
tions of concepts.

We have presented and described the GeoGebra ma-
terials that we have created and used for teaching trigo-
nometry courses in high school.
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Figure 6 — The percentage of the grades on trigonometry tests for generations 2016 - 2020.

The teachers and the students had positive experi-
ences using GeoGebra materials. The students’ impres-
sions about these materials were that they helped them
to better understand trigonometric concepts, and most
important of all, that they get the opportunity to experi-
ment on their own using these dynamical materials.

The research results indicated that the online teach-
ing process supported with GeoGebra materials man-
aged to keep the level of students’ achievements close to
the level of the classroom teaching process.

Taking into account all the above-mentioned results
and experiences of students and teachers, we can con-
clude that GeoGebra can be used to support both, the
online and classroom teaching process and therefore,
we continue to develop and improve GeoGebra materi-
als for teaching mathematics at all levels of education.
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