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COMPUTATIONAL METHODS APPLICATION FOR FINDING THE 
OPTIMAL TRANSPORTATION COSTS

Abstract: 
Computational methods are, among other things, widely used in operational 
research. Operational research is a complex interdisciplinary field that deals with 
the problems of decision-making in real conditions, considering all the factors 
that affect the problem directly or indirectly, in order to find the best, i.e. optimal 
solution. As there is a growing need for continuous process improvement, there is 
a growing presence of operational research methods for various real-life problems.
The transportation problem is one of the segments of research within opera-
tional research. It aims to determine the optimal program of distribution of 
a certain type of commodity from sources (points of origin) to destinations. 
The sources are the places where the commodity leaves (the warehouse), 
while the destinations are the ending points to which the commodity should 
be transported (in our case - the store). As a criterion for optimizing the 
transportation of goods, the request for minimizing the total transportation 
costs is most often taken. In the case of transportation problem, the objective 
function expresses the total transportation costs, while the limiting condi-
tions are determined by the supply of individual sources (warehouses), i.e. 
the demand of individual destinations (stores).
This paper discusses the possibility of applying operational research meth-
ods in the service sector. The aim of the research part of the paper is to find 
the optimal solution for real data of a given problem, simulating different 
conditions and constraints. An experimental analysis was performed for the 
problem of warehouse operations, and the goal was to minimize the costs of 
transporting goods. Two different methods were applied in order to deter-
mine the optimal solution. Based on the obtained results and their analysis, 
conclusions were made as to whether the problem was solved.
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INTRODUCTION

Among the mathematical methods which optimize control process-
es, the most developed is the method of linear programming (LP). This 
method determines the maximum / minimum of the linear objective 
function, which depends on several variables, provided that these vari-
ables are non-negative and that they satisfy linear constraints in the form 
of equations or inequalities [1]. 
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A special case of the general linear programming 
task is the transportation problem. The formulation of 
the transportation task is given as follows:	  

There are m warehouses that offer certain goods in 
quantities a1, a2,…,am and n stores that demand these 
goods in quantities b1, b2,…,bn. The assumption is that 
the sum of the warehouses’ offers is equal to the sum of 
stores’ demand:

a1+a2+...+am=b1+b2+...+bn

The numbers cij are given, which indicate the prices 
of transporting a unit of goods from the i-th warehouse 
to the j-th store.

Such numbers are to be found xij≥0 where xij indi-
cates the quantity of goods to be transported from the 
i-th warehouse to the j-th store so that the total trans-
portation costs are minimal [2].

2.	 MATHEMATICAL DEFINITION OF THE 
TRANSPORTATION PROBLEM

The optimal transportation plan means the plan of 
transportation of goods from the warehouse to a cer-
tain store, which minimizes the total price of transpor-
tation. There are several phases in finding a solution to 
this problem.

2.1. PROBLEM FORMULATION

The transportation problem has a very wide application. 
The possibility of minimizing the total transportation 
costs is what is most often sought when it comes to the 
transportation problem. The starting point is the 
assumption that the amount of resources to be trans-
ported is specified and homogeneous.

The transportation problem requires finding the 
most rational way of supplying multiple destinations 
(stores) from several sources (warehouses), while the 
transportation costs should be minimal [3].

The transportation problem determines the optimal 
plan for the transportation of one type of goods if the 
following is known:

1.	 	The number of warehouses (dispatch centres or 
production centres), from which the transportation 
of goods should be organized;

2.	 	The number of stores (receiving stations or con-
sumer centres) to which the goods are to be de-
livered;

3.	 	The quantity of goods in warehouses;
4.	 	The quantity of goods demanded by each store; 

and
5.	 	The price of transport per unit of goods from 

each warehouse to each store.
Solving this problem can be divided into three phases: 
1.	 	Determining Initial Basic Feasible Solution 

(IBFS);
2.	 	Evaluating optimality of the obtained solution; 

and
3.	 	Change of plan.

2.2. MATHEMATICAL MODEL BUILDING

•	 	Defining a mathematical programming task = 
mathematical program (linear or nonlinear);

•	 	Defining the objectivel function (objective func-
tion is the objective that is to be achieved by the 
functioning of the system):

z=fmax/min (x1,x2,...,xn)

or this function may consist of multiple criterion 
functions, the so-called multicriteria optimization;

•	 	Constraint conditions = mathematical relations 
between variables xj that depend on technological 
requirements, available resources, workspace, 
etc. [4].

2.3. DETERMINING THE SOLUTION TO THE PROBLEM

	› 	Determining the optimal solution = determining 
the values of the variables x1,x2,…xn that satisfy 
the constraint conditions and for which the 
objective function has a maximum or a mini-
mum (depending on what is required in the prob-
lem formulation). The optimal solution can be 
reached analytically for simpler problems (ap-
plication of mathematical operations such as 
algebra, differential and integral calculus) and 
by numerical procedures, where iterative proce-
dures from the assumed initial solution lead to 
the optimal solution;

	› 	Sensitivity Analysis Solution = the optimal solu-
tion for the selected parameter values is deter-
mined and then it is determined how it changes 
with the changes of parameters [5].
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3. PROBLEM FORMULATION AND SOLVING

Among the tasks of linear programming, a special 
place is occupied by the transportation problem, due to 
the characteristic formulation of its mathematical mod-
el, which allows significant simplifications in the process 
of finding the optimal solution [6]. 

Identification and correct definition of the problem 
is the initial and relatively most complex phase in the 
process of obtaining a solution. Unambiguous rules 
and unique algorithms for problem formulation do 
not always exist. This phase is characterized by the fact 
that the experience and creation of the problem analyst 
should be fully expressed.

When solving the transportation problem, the objec-
tive should be defined first, i.e. it should be determined 
which problem the decision maker wants to solve by 
using the solution of this problem. Formulation of ob-
jectives, which are solved by modeling, must be in ac-
cordance with the set time and financial constraints. The 
objectives should neither be too specific in terms of their 
context, because the justification of investing in the de-
velopment of the model can be questioned, nor should 
they be too general, because solving all possible prob-
lems in the considered system by using a single model 
is not fesible. 

Bearing all this in mind, especially the problem 
which is to be solved, the aim of this paper is to formu-
late a mathematical model of the transportation prob-
lem, where the function of the objective is to minimize 
transportation costs, i.e. to first determine the initial 
basic solution and then the optimal solution.

The formulation of a mathematical model implies 
defining the objective function and constraints. The ob-
jective function is to determine the minimum transpor-
tation costs, and the constraints are defined by the quan-
tities in the warehouses and the needs of the stores [7].

When solving the problem, we will use several meth-
ods to determine the optimal solution, and thus deter-
mine which of the methods used provides the lowest 
price of transporting goods, i.e. the method that pro-
vides the best optimal solution.

4. EXPERIMENTAL ANALYSIS

We will observe the problem on the model of four 
warehouses marked with I1, I2, I3 i I4 which have quan-
tities of a product of 26, 23, 29 and 12t respectively. 
Transportation costs per unit are given in Table 1.

O1 O2 O3 O4 O5 ai

I1 5 12 1 4 13 36

I2 7 8 14 6 5 23

I3 15 4 2 7 9 29

I4 6 11 5 16 3 12

bj 13 24 15 21 27 100

Table 1 – Transportation cost per unit

The transportation plan should be determined so 
that the total cost of transporting 100t of product is 
minimal.

The defined problem represents a special form of 
transportation problem which is solved in two phases:

	› The first phase - finding the initial basic solution;
	› The second phase - finding the optimal solution.

Prior to finding the initial basic solution, it must 
be determined whether the transportation problem is 
"balanced" or "unbalanced". A balanced transportation 
problem arises due to the ideal balance of supply and de-
mand, i.e. if the quantity of product offered (in our case, 
the quantity in the warehouse) is equal to the quantity of 
product demanded (quantity of goods in the store). An 
unbalanced transportation problem is the disproportion 
in supply and demand.

Determining the type of transportation problem 
is done by comparing the sum of the total quantity of 
goods in the warehouse and the sum of the total quan-
tity of goods demanded by the stores. In our case, it 
was determined that this is a balanced transportation 
problem, which is proven by:

∑ai= ∑bj=100 t
Upon determining the type of transportation problem, 

we approach the solution thereof [8].

4.1. METHODS FOR DETERMINING THE INITIAL BASIC 
SOLUTION

Several methods have been used to determine the 
initial basic solution [9].

1.	 Upper Left Corner or North-West Corner 
Method (Dantzig’s method).

In its calculation, this method does not consider 
the value of cij i.e. unit price, so it is considered 
the simplest but also the most inefficient method 
for determining the initial allowable solution of 
the problem. 
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In this method, the calculation is started from 
the North-West corner (top left corner) from 
requirement b1 in the table and it is compared 
with the available quantities a1. There can be 
three cases:

	› 	If b1<a1, then b1 value is assigned to x11 and pro-
ceeds to cell x12, i.e. proceeds horizontally.

	› 	If b1 = a1 then b1 value is assigned to x11 and pro-
ceeds to cell x22, i.e. proceeds diagonally.

	› 	If b1 > a1 then a1 value is assigned to x11 and pro-
ceeds to cell x21, i.e. proceeds vertically.
By using this method, we find that the transpor-
tation cost is Tmin = 870 monetary units.

2.    Least Cost Method (least unit price method) 

This method starts from the cost table and the cell 
with the lowest cost coefficient is sought; once 
the cell is found, the largest possible quantity of 
products allowed by the warehouse or the store 
is distributed into that cell. 
By using this method, we find that the transpor-
tation cost is Tmin = 429 monetary units.

3.   The method of the largest difference of the smallest 
coefficients (Vogel’s Approximation Method 
-VAM)
In this method, we start from the unit costs table, 
and then for each row and column of that table, 
the difference between the two smallest elements 
in the column or row is determined. These dif-
ferences are entered in an additional column or 
row. The procedure for allocating costs is as fol-
lows: the largest difference between these mini-
mum elements is sought, and then the lowest cost 
coefficient is sought in that column or row, and 
the maximum possible quantity of goods to be 
transported is allocated there. The procedure is 
repeated until the needs of warehouses and stores 
are met. By using this method, we find that the 
transportation cost is Tmin = 392 monetary units.

4.2. METHODS FOR FINDING OPTIMAL SOLUTION 

The methods listed below were used for finding the 
solution to our problem [10] [11].

1.	 STEPPING STONE METHOD (jumping from 
stone to stone method)
This is a rather simple method which is particu-
larly suitable if the number of warehouses and 

stores is not large. Basically, this method is itera-
tive. The first step is to find a basic solution, and 
then iterations get better and better solutions 
from it. Iterations are repeated until the optimal 
solution is obtained. 
The starting table is the table that was obtained by 
one of the methods for finding the solution. We 
do the procedure of finding variations for each 
unoccupied cell δij=∑cij .
The optimality condition is that every δij > 0.
Relative costs are obtained by "jumping from 
stone to stone", i.e. by alternating addition and 
subtraction of unit costs, so that the procedure 
starts from the cell for which the relative cost is 
calculated, then continues clockwise onto the 
occupied cells, depending on the path.
By using this method, we find that the transpor-
tation cost is Tmin = 392 monetary units.

2.	 Method of Distribution (MODI) 
This method also finds the optimal solution based 
on the previously obtained basic solution using 
some of the previously mentioned methods. Rela-
tive costs are calculated according to the formula:

Xij=cij-(ui-vj)
where:

	› 	cij – unit costs;
	› 	ui i vj – coefficients for each basic solution of 

the values obtained from the formula

cij=ui+ vj

over the occupied cell.

When all the related relative costs in the unoccupied 
cells in the transportation matrix are positive, the 
basic solution, which is also the optimal, is obtained.
This method results in minimal transportation costs 
Tmin = 392 monetary units.

5.	 CONCLUSION

In this paper, we have dealt with a transportation 
problem that can be applied in any activity. Here we 
observed the model applicable in the service sector 
through the transportation of goods from the warehouses 
to the stores. Given that there is a certain physical dis-
tance between the warehouses and the stores, certain 
costs arise during the distribution and transportation 
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of goods. These costs can, among other things, signifi-
cantly affect the final price of the product. If the trans-
portation costs are high, the price of the product itself 
will be higher. The transportation problem can be very 
successfully formulated and solved by using the linear 
programming model, if the basic requirement for op-
timizing the transportation of goods is to minimize the 
total transportation costs.

By modifying the method, a solution to practical 
problems can be reached. One method of problem solving 
is almost never enough. Methods and mathematical prob-
lems combine with each other to create a new method.

Based on the comparative analysis of data obtained 
using the methods listed in this paper, we conclude that 
the costs obtained using the North-West Corner meth-
od are the highest, and amount to 870 monetary units, 
while transportation costs obtained using the VAM 
method (Vogel method) are closest to the optimal 
solution and amount to 392 monetary units. Unlike the 
method of determining the initial basic solution, where 
we obtained different results by applying different methods, 
by using any of the methods to find the optimal solution 
we get the same value of the transportation price. 
Furthermore, one can notice that the transportation 
costs obtained by the methods for finding the optimal 
solution coincide with the transportation costs obtained 
by the VAM method (Vogel method), which actually 
means that these costs cannot be further reduced, i.e. 
that the lowest possible transportation price is obtained.

Based on the methodology presented in this paper, it 
can be concluded that it is rather complex to standardize 
the methodology of solving a problem by observing the 
service sector. The activities in this sector are inherently 
different, hence the successful implementation of one 
method in one activity will not ensure the successful 
implementation of that same method in another activity.
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