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Abstract: 
The mathematical models of magnetic circuits of the developed magnetoelastic 
force sensors are developed, taking into account the distributed character of 
the magnetic resistances of concentric ferromagnetic cores and the magnetic 
capacitance between these coaxially located cores. It is shown that with an 
increase in the magnetic flux damping coefficient along the magnetic circuit, 
the degree of nonlinearity of the change in the magnetic voltage and the in-
constancy of the magnetic flux along the magnetic circuit increases.
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1.	 INTRADUCTION

The magnetic circuit of the developed magnetoelastic force sensors 
(MUD) [1, 2] is a chain with distributed magnetic and concentrated electri-
cal parameters [3, 4]. The distributed parameters include the linear values 
of the magnetic capacity of the air gap between concentric ferromagnetic 
closed rings п( )C constµ =  and the magnetic resistance of these ferromag-
netic rings п( )Zµ per unit angle of the ferromagnetic rings. The transverse 
ampere turns ( )вF belong to the concentrated parameter. In contrast to 
electrical circuits with distributed parameters, long magnetic circuits with 
distributed parameters are more complex. This is due to the fact that in 
magnetic circuits of even small linear dimensions (in the order of units of 
centimeters) a significant part of the magnetic flux branches off from the 
main circuit in the form of scattering fluxes. In addition, the calculation of 
magnetic circuits with distributed parameters is significantly complicated 
by the need to take into account the nonlinear properties of the magnetic 
core material, the losses due to eddy currents and magnetic hysteresis [4].

In electromagnetic sensors with distributed parameters, which include 
the forces developed by the MUD, the main factors are the nature of the 
change in magnetic flux and magnetic stress along the length of the magnetic 
circuit, and also the nature of the dependence of the change in the magnetic 
permeability of the magnetic circuit material on the applied mechanical 
force, i.e. ( )fµ σ= [5]. Therefore, in practice the analysis of the MMA re-
duces to an analysis of the distribution of this magnetic flux along the length 
of the magnetic circuit and the determination of the dependence ( )fµ σ= .
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2.	 MAIN PART

For a theoretical study of the main characteristics of 
the developed MUD forces, it is necessary to have ana-
lytical expressions for the magnetic flux and magnetic 
stress as a function of the length of the magnetic circuit 
with distributed parameters.

In view of the above-mentioned reasons, the appara-
tus of the theory of chains with distributed parameters 
seems to be optimal for the investigation of magnetic 
circuits developed by the MDM. The theory of distrib-
uted magnetic circuits makes it possible to obtain con-
venient comparisons with engineering calculations and 
at the same time sufficiently accurate results by relatively 
simple methods [3].

To calculate the magnetic circuits of the MUD with 
distributed parameters, in which there are no moving 
parts, the most effective methods are the method of sub-
stitution schemes involving computer technology and 
the classical method of constructing and solving differ-
ential equations [6].

In this paper, the calculation of the magnetic cir-
cuit developed by the MUD forces [1], whose magnetic 
system is shown in Fig. 1, we produce by the classical 
method of compiling and solving differential equations.

In order to simplify the analysis of the magnetic cir-
cuit, we neglect lateral scattering fluxes and assume that 
the ring closed ferromagnetic cores, as well as the ferro-
magnetic bridges diametrically connecting the coaxially 
located annular closed ferromagnetic cores, are identi-
cal. These assumptions do not introduce tangible inac-
curacies in the calculations, but significantly simplify the 
analysis of the considered circuit.

Fig.1. Magnetic system developed by the MUD efforts on [1].

Electromagnetic processes in the magnetic circuit 
under consideration with distributed parameters are 
characterized by two integral values: the magnetic flux 

( , )Q tµ α= and the magnetic voltage-the difference of 
the magnetic potentials ( , )U tµ α= , which vary both in 
time t and in coordinate (the length of the chain). The 
nonlinear and ambiguous properties of ferromagnetic 
materials make it difficult to analyze the processes in de-
tail in time, so the method of equivalent sinusoids with 
simultaneous use of complex magnetic conductivity was 
widely used. In this case, real time functions ( , )Q tµ α= , 

( , )U tµ α=  are replaced by equivalent sinusoidal func-
tions [7], which corresponds to a transition from a real 
hysteresis loop to an equivalent ellipse. Such a method 
is physically justified and opens the way for the applica-
tion of a complex method to nonlinear circuits without 
a significant loss of accuracy of calculation.

The magnetic system of the developed MUD works 
with a wide range of magnetic induction variations, 
therefore, it becomes necessary to take into account the 
nonlinearity of the main magnetization curve. Nonlin-
earity will be taken into account by using the depend-
ence of the specific magnetic resistance µρ of steel on 
magnetic induction B [3].

In the very first approximation, taking into account 
the nonlinearity of the main magnetization curve, we 
shall carry out by means of the average value with the 
help of the average value of the specific magnetic resist-
ance cрµρ , defined in the form

min max min max
cр min 2 2

µ µ µ µ
µ µ

ρ ρ ρ ρ
ρ ρ

− +
= − =

  ,

Where minµρ and maxµρ are respectively the mini-
mum and maximum values of the specific magnetic re-
sistance, corresponding to the lower and upper limits of 
the change in the working magnetic induction.

Based on Kirchhoff’s laws, we will derive differen-
tial equations for the magnetic flux in closed circular 
ferromagnetic magnetic cores and the magnetic voltage 
between them, created by concentrated MDS вF , for the 
elementary section of the magnetic circuit dα (Figures 
1 and 2) [3, 4]:

(1)
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Fig.2. The circuit of substitution of an elementary  
section of a magnetic circuit dα 

п( ) ( ) ( ) ( ) 0Q U C d Q dQµ µ µ µ µα α α α α− − − =    or

п

( )
( )

dQ
U C

d
µ

µ µ

α
α

α
= −

 
                                        ,

п1 п2( ) ( ) ( ) ( ) ( ) 0U Z Q d U dU Z Q dµ µ µ µ µ µ µα α α α α α α− + + + + = 

or

п1 п2

( )
( ) ( )

dU
Z Z Q

d
µ

µ µ µ

α
α

α
= − +

 
 ,

where ( )Qµ α , ( )Uµ α - respectively, the magnetic flux in 
closed concentric annular cores and the magnetic volt-
age between; п1

0 1

1Z
bµ µµ

=
 and п2

0 2

1Z
bµ µµ

=
 - The linear values 

of the magnetic resistances of concentric ferromagnetic 
cores 1 and 2, per unit magnetic-circuit angle, for con-
venience of calculation, we take chains п1 п2 пZ Z Zµ µ µ= = 

; п 0
hCµ µ
δ

=
 - The linear value of the magnetic capacitance 

of the annular gap between the concentric ferromagnet-
ic cores 1 and 2. The geometric dimensions of the cores 
1 and 2 are shown in Fig. 1.

Differentiating (3) and substituting (2) into it, we 
obtain the following linear homogeneous differential 
equation of the second order [3, 4]:

2

п1 п2 п2

( )
( ) ( )

d U
Z Z C U

d
µ

µ µ µ µ

α
α

α
= +

 
 .

The general solution of the differential equation (4) 
has the following form:

1 2( )U A e A eγα γα
µ α −= +  ,

here п п2Z Cµ µγ = - Coefficient of magnetic flux propa-
gation along the magnetic circuit,1 / м ; 1A and 2A - are 
integration constants.

Substituting (5) into (3), we obtain

1 2
п п

( )
2 2

Q A e A e
Z Z

γα γα
µ

µ µ

γ γα −= − +
 

  .

Coefficients 1A and 2A are determined in this case, 
based on the following boundary conditions (bound-
ary) conditions:

м м

00 0

0

( ) ( ) ,

( ) ( ) ,

в

в

U F Q Z

U F Q Z

µ µ µα α

µ µ µα α α α

α α

α α
= =

= =

= − 


− = − 

 

Where 0Zµ is the internal magnetic resistance of 
MDS sources.

It should be noted that the sign of the magnetic volt-
age between the concentric ferromagnetic cores 1 and 
2 on both sides of the magnetic neutral 'М М− , which 
when 01 02 0Z Z Zµ µ µ= = coinciding with the geometric 
neutral '0 0− , varies (the direction of the scattering flux-
es that branch off from one concentric core to the other 
along the annular gap δ also varies) Figure 1). Therefore, 
on the left-hand side of the second equation of system 
(7) ( )Uµ α enters with the sign “-”.

Substituting in (6) the values of magnetic fluxes and 
magnetic stresses corresponding to the boundary condi-
tions, we obtain the following system of algebraic equa-
tions:

м м

0 0
1 2

п п

0 0
1 2

т п

1 1 ,
2 2

1 1 .
2 2

в

в

Z Z
A A F

Z Z

Z Z
e A e A F

Z Z

µ µ

µ µ

µ µγα γα

µ µ

γ γ

γ γ −

   
− + + =           


    
+ + − = −       

    

 

Solving the system of equations (8) with respect to 
the integration constants 1A and 2A , we obtain:

м м0 0
1

п п2 2 2 2 2 2
в в в вZ ZF F F FA e e

Z Z
µ µγα γα

µ µ

γ γ− −= − + ⋅ − − ⋅
∆ ∆ ∆ ∆

   
                                                                                     

м м0 0
2

п п2 2 2 2 2 2
в в в вZ ZF F F FA e e

Z Z
µ µγα γα

µ µ

γ γ
= − ⋅ + + ⋅

∆ ∆ ∆ ∆

 

where 

2 2
0 0

м м2
п п

1 ( ) ( )
4

Z Z
sh ch

Z Z
µ µ

µ µ

γ γ
γα γα

 
∆ = + +  

 

 

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

,
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Substituting the values found 1A and 2A in expres-
sions (5) and (6), we have

[ ]{ }

[ ]{ }

м

0
м

п

( ) ( ) ( )

( ) ( )
2

в

в

FU sh sh

ZF ch ch
Z

µ

µ

µ

α γ α α γα

γ
γ α α γα

= − − +
∆

⋅ − −
∆

 

                                                                         ,

[ ]{{ }

[ ]{ }

м
п

0
м

п

( ) ( ) ( )
2

( ) ( )
2

вFQ ch ch
Z

Z
sh sh

Z

µ
µ

µ

µ

γ
α γ α α γα

γ
γ α α γα

= − + +
∆

− +

 

                                                                              .

We transform (11) and (12) using the following hy-
perbolic trigonometry formulas [3]:

1 12 ( ) ( ) ,
2 2
1 12 ( ) ( ) ,
2 2
1 12 ( ) ( ) .
2 2

shx shy sh x y ch x y

chx chy ch x y ch x y

chx chy sh x y sh x y

   ± = ±      
   + = + −      
   − = + −      



 

0
м м

п

м

1 1( )
2 2 2 2

1 ,
2

в ZFU ch sh
Z

sh

µ
µ

µ

γ
α γα γα

γ α α

    = +    ∆      
  −    

 

0
м м

п п

м

1 1( )
2 2 2

1 .
2

в ZFQ ch sh
Z Z

ch

µ
µ

µ µ

γγα γα γα

γ α α

    = +    ∆      
  −    

 

Denoting 0 *
м 0

п м м

,  k ,  
2

Z
Z

µ

µ

αλα β α
α α

= = =
 

we  
rewrite (14) and (15):

*
0

*

1 1( )
2 2 2

1 ,
2

вFU ch K sh

sh

µ α β β β

β α

    = +    ∆     
  −    

 

*
0

п м

*

1 1( )
2 2

1 ,
2

вFQ ch K sh
Z

ch

µ
µ

βα β β β
α

β α

    = +    ∆     

  −    

 

where  β - the damping coefficient of the magnetic flux 
along the magnetic circuit.

Expressions (16) and (17) are mathematical models 
of the magnetic circuits of the developed magnetoelastic 
force sensors, taking into account the distributed nature 
of the magnetic resistances of concentric ferromagnetic 
cores and the magnetic capacitance between these coaxi-
ally located cores.

To facilitate the analysis of these expressions, we 
proceed in relative units:

*
*

* *

1
( ) 2( ) ,

1(0)
2

shU
U

U sh

µ
µ

µ

β αα
α

β

 −  = =
 
 
 

 

*
*

* *

1
( ) 2( ) ,

1(0)
2

chQ
Q

Q ch

µ
µ

µ

γ αα
α

β

 −  = =
 
 
 

 

here (0)Uµ and (0)Qµ maximum values respectively   
*( )Uµ α and *( )Qµ α at * 0α = 

In Fig. 3 and Fig. 4 the dependency curves
* *( ) ( )U fµ α α= and * *( ) ( )Q fµ α α= for different val-

ues β .

Fig. 3. Dependence curves * *( ) ( )U fµ α α=  for  
different values of β.

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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Analysis of expressions (16) and (17), as well as 
curves based on them, shows that with increasing mag-
netic flux damping along the magnetic circuit β, the de-
gree of nonlinearity of the change in the magnetic volt-
age and the inconstancy of the magnetic flux along the 
magnetic circuit increases.

Fig. 4. Dependence curves for different values of β.

Thus, in the article mathematical models of magnetic 
circuits of the developed magnetoelastic force sensors 
are developed, taking into account the distributed na-
ture of the magnetic resistances of concentric ferromag-
netic cores and magnetic capacitance between these co-
axially located cores. It is shown that as the magnetic 
flux attenuation coefficient increases along the magnetic 
circuit β, the degree of nonlinearity of the change in the 
magnetic voltage and the inconstancy of the magnetic 
flux along the magnetic circuit increases.
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