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Abstract: 
The aim of this study was to analyze the effects of structural characteristics 
and initial conditions on foreign ballistic missile features. The problem is 
interesting because it extends the resolution of physical models of classical 
projectile motion that describes a translational movement. Applying soft-
ware solutions proposed by the authors to save resources and reduce time 
numerical calculations as designing modern technical systems requires the 
use of simple physical and mathematical models and software that provide 
the required accuracy. The use of this software solution is in line with trends 
in development of modern solutions in the external ballistics. This model 
allows the numerical integration of equations for a shorter time than the 
model with six degrees of freedom.
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1.	 INTRODUCTION

In the classic artillery, projectile axis does not coincide with the veloc-
ity direction on the trajectory, but with it making an offensive angle σ .

Aerodynamic force 


R  makes a certain angle with projectile axis and 
operates from the center of pressure (CP).

The effect of this force out of the center of mass can be replaced by 
force in the center of mass and moment of force according to the center 
of mass. This moment is called the main aerodynamic moment .

 RM  
Size, direction and position of attack points (center of pressure) of the 
total aerodynamic force depends on the size and shape of the projectile, 
orientation relative to the axis, velocity and angular velocity projectiles 
and characteristics of air.

To improve the Euler’s model, we will adopt that the total aerodynamic 
force 



R  consists of two dominant components, resistance 


D  and lift ,


L  
neglecting Magnusovu force (which is by intensity over 100 times smaller 
than the lift) and other secondary forces with unsteady character.

If we adopt the assumption that the Earth is immovable, by flight of 
rapid-rotary artillery projectiles, it is not necessary to take into account 
the influence of inertial forces, so it can be adopted 0

 

p cora a= =  and 
that the velocity 



kV relative to Earth is absolute.
With the previous assumption, the vector equations of motion of mass 

center is reduced to
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

 



n
k

i
i

dVm F mg R
dt =

= = +∑
			 

(1)

where the total aerodynamic force is [9,10]:

	 ,
  

R D L= + 				    (2)

so:

	
.



 

kdVm mg D L
dt

= + + 			   (3)

Figure 1. Air resistance and lift forces

Artillery projectile is a solid body with rotating shape. 
Unit vector 0



x  is the axis of rotational symmetry with 
the positive direction from the center of mass to the top 
of the projectile.

The total moment of projectile motion amount can 
be expressed as the sum of two vectors in a coordinate 
system related to the Earth:

◆◆ moment of motion amount around vectors 0


x  
,xI p

◆◆ moment of motion amount around the axis nor-
mal to the vector.

Angular velocity of projectile around the axis normal 
to 0


x  is given by vector 0 0( )


 

x xΩ = × . Since the pro-
jectile has a rotational symmetry, each axis that passes 
through the center of mass, and normal on 0,



x  it is the 
main axis of inertia. If we check the moment of projectile 
inertia around some transversal axis that passes through 
the center of mass with ,yI  the total moment of motion 
amount around the axis normal to 0



x  is represented 
by vector 0 0( ).

 



yI x x×  The total moment of motion 
amount is [1,9]:

0 0 0( ).


  



x yK I px I x x= + × 			   (4)

The sum of all external moments affecting the pro-
jectile is:

0 0 0 0( ) .




   

 

x x y
dK dpI x I px I x x M
dt dt

= + + × =∑ 	 (5)

2.	 AERODYNAMIC FORCES AND MOMENTS

The resistance force of air 


D  represented by vector is:

2

2

 

D
VD SC Vρ

= 				    (6)

Because of the occurrence of angle of attack σ  in 
the obstruction plane between 



V  and 0


x  increases the 
resistance force of air due to the occurrence of induced 
resistance. Coefficient of induced resistance is indicated 
as 2 ,DC σ  and increase of resistance coefficient due to 
asymmetrical obstruction with 2

2
DC σ σ . Effective resist-

ance coefficient is:

2
2

0 .D D DC C C σ σ= + 				    (7)

The resistance force of air is the direction 


V−  and 
after the introduction of the reference surface 

2

4
dS π

=  is:

2

2
2

0( ) .
8

 

D D
dD C C VVσ

πρ σ= − + 		  (8)

Lift force 


L  occurs in the plane comprising the pro-
jectiles axis and aerodynamic velocity due to asymmetri-
cal obstruction under the offensive angle. The direction 
is perpendicular to the wind velocity and proportional 
to the offensive corner.

2 2
2

0sin ( ) .
8 8

  



L L
d dL C V C V x Vσ σ

π πρ σ ρ σ  = = × × 
(9)

Vector 0( )
 



V x V × ×   has the intensity 2 sinV σ  and 
it is normal on ,



V  and it flies in a plane that contains 


V  and 0.


x  If the vector of total aerodynamic force 


R  
is projected parallel and normal to 0,



x  instead of ,


V  
than we will get the components of axial force 



X  and 
normal force .



Y
Figure 2 shows decomposition of the total aerody-

namic force 


R  on the components 


X  and .


Y

Figure 2. Dissolution of the total aerodynamic force
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The values of these forces can be written in the fol-
lowing form

2 2
2

2 2
2

,
2 8

.
2 8





x x

y y

V dX SC V C

V dY SC V C

ρ πρ

ρ πρ

= =

= =

		  (10)

Longitudinal damping moment xM  occurs as a result 
of longitudinal friction over the surface of the rotating 
projectile and has a tendency to reduce (stop) axial rota-
tion. The intensity of this moment is defined as:

2 4

0,
2 16 



x p p
V dM sC pV C pVxρ πρ= = − 	 (11)

Where is:

pC - dimension less gradient coefficient of suppres-
sive longitudinal moment for reference angular 
velocity * .

2
pdp
V

=

3.	 FORMATION OF THE FINAL SYSTEM 
	 OF EQUATIONS

To resolve the lift force, it is necessary offensive angle 
σ  and unit vector of lift force :



Li  

2
.

8


L L
dL C iσ

πρ σ= 				    (12)

If we introduce velocity coordinate system (V ) with 
the origin of coordinates at the center of projectile mass, 
axis Vx  in the direction of aerodynamic velocity, and 

Vz  in the vertical plane on the aerodynamic velocity 
pointing downward.

Separation of aerodynamic velocity on two compo-
nents along the projectile axis and normal to aerodynamic 
velocity. The second component is .



LV iσ  Its components 
that coordinate the system along the axis of velocity are:

0 .



T
V Vβ α − −  				    (13)

Projection of the lift force of axis of velocity coordi-
nate system:

0 .
2





TV
L

VL C V Vσ
ρ β α = − −  	 (14)

Figure 3. Projection of attack angle in space [1,10]

To determine the components along the local ( L ) 
coordinate system, it is necessary to determine the matrix 
of transformation from velocity system in the nosen sys-
tem. The axes of nosen coordinate system are parallel to 
the axes of local coordinate system. By rotation for angle 

aχ  around the axis z  and for angle aγ  around the axis 
y  we come from the tractive to the velocity coordinate 

system. That matrix of transformation is [1,2,10]:

0 ( ) ( ).V y a z aL L Lγ χ= 		  (15)

According as:

2 2 2 2

2 2 2 2

0
cos sin 0

( ) sin cos 0 0
0 0 0

0 0 1

a a

Z a a a

u w

V v V v
w uL

V v V v

χ χ
χ χ χ

 
 

− −     = − = −    − −    
 
  

2 2

2 2

0cos 0 sin
( ) 0 1 0 0 1 0

sin 0 cos
0

a a

y a

a a

V v v
V V

L

v V v
V V

γ γ
γ

γ γ

 − −−   
   = =   
     −

 
 

multiplying these matrices we obtain the required 
matrix of transformation.

Projections of vector 


Liσ  on axes of transmission 
coordinate system are:

2 2 2 2

2 2 2 2

2 2

0 0

0

 

 

OV

u w uv
V V v V V v
w u vwL
V V v V V v

v V v
V V

β β
α α

 
− 

 − −    
    − = −    − −   − −    

 − −
  	

(16)

  

  

h p

h p

α α α

β β β

= +

= +

where the homogeneous integral [4,10]:
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1 2
1 2





r s r s
h hi C e C eβ α+ = +

and particular:

.

p p
G

i
M iPT

ξ

ξ ξ
β α+ = −

+
The solutions of these two parts are different. Homo-

geneous integral is random and particular deterministic 
size. By initial conditions 0 0 0

iβ α+ =  of the complex 
constants are equal and with opposite sign 1 2C C= −  
depending on the transversal angular velocity:

0 0( )
0 0

1
1 2 1 2

' ' .


ieC
r r r r

ϕ φξ σ −

= =
− −

Initial angular velocity has a Rayleigh distribution, 
and the angle that determines the position of the plane 
in which is that angular velocity 0 0( )ϕ φ−  relative to 
the vertical plane, has an equal distribution from 0 to 
2π . Based on stated, we conclude that the influence is 
random size which is probable for all directions around 
velocity. Therefore, the influence of homogeneous in-
tegrals  

h h hiξ β α= +  in the model modified material 
point does not take into consideration by calculating 
the trajectory, but it is thought to lead to distribution 
over trajectory for which the homogeneous integral is 
equal to zero.

*

2 2 2
cos ' cosmq

y

Cgd V gdG P i P
VV r Vξ

γ γ  
  = − + ≈

    

* * * *
*

2 2

m m mq z
m

y y

VC C C C CVM ipT M M
r r

σ σ σ
σ

ξ ξ ξ

′
− −

+ ≈ ≈ = ≈

For that case is:

2

2
2

cos

,

2





x

y
p p

m

y

Igd pd
I VG V

i
M CSd d

m r

ξ

ξ σ

γ

β α
ρ

+ = − = −

where is:
0pα =

3
2 cos



x
p

m

I g p
Sd CV σ

γβ
ρ

= −

For the calculation of particular integrals pβ  it is re-
quired, angular velocity p  for each point of the trajectory 
is requiried. We can determine it based on the equation 
of rolling aircraft.

2
*.

2x p
dp VI SdC p
dt

ρ
= l

Required projection of vector 


Liσ  on the axes of 
tractive coordinate system:

2 2

2 2

0

0



 



p

OV p

w

V v
uL

V v

β

β β
α

 
 

−     − = −    − −   
 
  

Components of lift force on the axis of local coordi-
nate system are:

2 2
2

2 2

0
2





L p

p

w
Lx V v

VLy SC
Lz u

V v

σ
ρ β

β

 
 

  − 
   =   
     − − 

	 (17)

Therefore, we have the system of equations modified 
model of material point (without Coriolis acceleration):

2 2

2 2

2

4

,







k k w k w
D L p

k k
D

k k w k w
D L p

p
x

k

k

k

du u u w wE C C
dt V V v

dv vE C g
dt V

dw w w u uE C C
dt V V v

dp Sd VC p
dt I
dx u
dt
dy v
dt
dz w
dt

σ

σ

β

β

ρ

 − −
= − +  − 

 = − − 
 
 − −

= − −  − 

=

=

=

=

	 (18)

where are:
2 2 2

2 2 2

3

,
2 8

( ) ( ) ,
2 cos .

k w k k w

x
p

m

V S d VE
m m

V u u v w w
I g p
Sd CV σ

ρ πρ

γβ
ρ

= =

= − + + −

= −

We must add the following to the equations:

◆◆ aerodynamic functions ( ),DC Ma  ( ),LC Maσ  
( ),mC Maσ  and ( ),

pC Ma
◆◆ constants ,d  m  i ,XI
◆◆ data on the state of the atmosphere ( ),yρ  ( )a y  

and data on wind ( ),wu y  ( ),ww y
◆◆ Initial conditions 0y  (always take 0 0 0x z= = ), 

0 ,kV  0 ,kγ  0 ,kχ  and 0.p
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Based on the stated we can add Coriolis force in the 
model of the modified material point:

2 2

2 2

 



 k k w
D L L K

dV V VV S V SC mg C i a
dt m V m σ

ρ ρ σ
−

= + + −         (19)

Components on the axes of local coordinate system 
give the system of differential equations models MMMT 
[1,2,4,5,9]:

 

2 2

2 2

2

2( )

2( )

2( )

4

,







k k w k w
D L p EZ k EY k

k k
D EZ k EX k

k k w k w
D L p EY k EX k

p
x

k

k

k

du u u w wE C C v w
dt V V v

dv vE C g u w
dt V

dw w w u uE C C u v
dt V V v

dp Sd VC p
dt I
dx u
dt
dy v
dt
dz w
dt

σ

σ

β

β

ρ

 − −
= − + − −Ω +Ω  − 

 = − − − Ω −Ω 
 
 − −

= − − − −Ω +Ω  − 

=

=

=

=

(21)

where are:
2 2

2

2 2 2

3

,
2 8

( ) ( ) ,
2 cos .

k w k k w

x
p

m

V S dE V
m m

V u u v w w
I g p
Sd CV σ

ρ πρ

γβ
ρ

= =

= − + + −

= −

◆◆ aerodynamic functions ( ),DC Ma  ( ),LC Maσ  
( )mC Maσ  and ( ).

pC Ma

◆◆ constants ,d  m  and XI ,

◆◆ data on the state of the atmosphere ( ),yρ  ( )a y  
and data on wind ( ),wu y  ( ),ww y

◆◆ initial conditions 0y  (always take 0 0 0x z= = ), 
0 ,kV  0 ,kγ  0 ,kχ  and 0.p

◆◆ angular speed of rotation of the Earth
 

0 0

0

0 0

cos cos
sin

sin cos

EX E

EY E

EEZ

A

A

ϕ
ϕ

ϕ

Ω Ω   
   Ω = Ω   
   −ΩΩ   

.			   (20)

4.	 FILE CALCULATION RESULTS
	 ,,OJLMMT.IZL”

TESMMT software solution is designed for testing 
and testing OJLMMT subroutine to calculate the path of 
classical stabilized projectile by the method of modified 
material point. Software solution is made in the program-
ming language FORTRAN on a personal computer. It 
consists of three parts [9,10]: 

1.	 Program TESMMT.FOR - the main program, 

2.	 File OJLMMT.DAT - input data, 

3.	 File OJLMMT.IZL - calculation results.

Baseline data files,, OJLMMT.DAT”

.153,43.56,.0584,.169,.1558,1.,1,2 
1000.,288.9,.0,.0
.0,.0,.0,.0,.0
.826,810.,.01,.0,.0

Figure 4 shows changes in the Y-axis vertices trajec-
tories of projectiles at different distances X.

Figure 4. Change ordinate the vertices of Y for differ-
ent distance X. 

Figure 5 shows the change in the trajectories Z direc-
tion (X).

Figure 5. Change the direction Z (X) in the path of the 
projectile.

Figure 6 shows the change of the angular velocity for 
different distance shooting missiles X.
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Figure 6. Change the angular velocity at different 
ranges of missiles. 

Figure 7 shows the change in speed V of the trajec-
tories of projectiles X.

Figure 7. Change the speed V (X) at different distances

Figure 8 shows the change of angles α (X) and β (X) 
at various distance learning shooting.

Figure 8. Changing the angle α(X) and β(X) at different 
shooting distances. 

Figure 9 shows the change of angles α (β) in the path 
of the projectile.

Figure 9. Changing the angle α (β) in the path of the 
projectile

5.	 CONCLUSION

When defining a physical model, it is necessary to 
first set the mathematical model and determine the mis-
sile. The six-degrees of freedom equations are the start-
ing point for the modified point mass equations of mo-
tion. During the definition of a physical model neglected 
the effects of certain aerodynamic forces and moments 
to simplify calculations. Calculation of path elements is 
done by integrating the differential equations of motion 
modified material point method of Runge-Kutta fourth 
order. Such a composed software solution is universal 
and can be used for all tools that use defined projectile. 
For external ballistics calculation of the new, desired 
projectile is necessary to modify the input file or create 
a new defined-aerodynamic coefficients in subroutine 
AERO and baseline data of the selected missile. The out-
put file is created during program executionand and the 
information obtained via WRITE command execution 
program is stored in it. These are external ballistics cal-
culations. The program is organized so that the calcula-
tion stops at a given range of x and y axis. For standard 
atmosphere is carried out calculations of airspeed and 
Mach number of missiles in the current weather condi-
tions at different altitudes projectile flight. Subroutine 
AERO define the aerodynamic coefficients depending 
on the current airspeed and Mach number. Special sub-
routine to solve systems of linear equations of the type 
Ax = b. The calculation results show that the largest an-
gle at the vertex orbit is around 0.062 radians. The fact 
that it satisfies the condition of stability for the most 
unfavorable situation means that the projectile is stable 
throughout the trajectory.

The proposed solution providing accurate calcula-
tions of the characteristics of the missile, the elements of 
stability and the conditions under which it is exercised. 
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Applying software solutions proposed by the authors to 
save resources and reduce time numerical calculations 
as designing modern technical systems requires the use 
of simple physical and mathematical models and soft-
ware that provide the required accuracy. The use of this 
software solution is in line with trends in the develop-
ment of modern solutions in the external ballistics. This 
model allows the numerical integration of the equations 
for a shorter time than the model with six degrees of 
freedom.
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