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Abstract: 
Real  -world objects, in many fields of investigations, are mapped to the digital raster image 
through a variety of sensors, making the image only an approximation to the real-world 
object. Due to imperfections in either the image data or the edge detector, there may be 
missing points or pixels on lines as well as spatial deviations between ideal line and the 
set of imprecise points obtained from the edge detector. The overall effect is an image 
that has some distortion in its geometry. It is introduced a mathematical model based on 
linear fuzzy space, which cover these uncertainties and helps in the correct interpretation 
and important decisions in different fields: image analysis (imprecise feature extraction), 
GIS (imprecise spatial object modeling), robotics (environment models), and in medicine 
(DICOM medical images).
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INTRODUCTION 

� e main goal of research topic which is presented in 
this paper is modeling of basic planar imprecise geom-
etry objects and their relations, as well as their application 
to spatial data management systems. An overview of the 
papers dealing with imprecise point objects modeling is 
given in [1]. In general, three basic approaches to spatial 
data uncertainty/imprecision are recognized : exact mod-
els, probabilistic models and fuzzy models. 

Our model of the imprecise line object is based on the 
model of fuzzy imprecise point presented in [1], as the 
union of linear combination of two fuzzy points. Fuzzy 
points are used to model the position of a real object when 
there is some uncertainty to the measured position. Most 
o� en this uncertainty in practical applications is ignored. 
� ere are applications in which real objects are not only 
represented by the position but the entire series of uni-
formly spaced points. � ese points can be distributed 
along a curve that has a beginning and an end. Curve that 
connects two points is called a line or path. If the points 
that represent the path are imprecise, then the whole line 
should be described in way similar to imprecise point’s 
description. 

SHORT OVERVIEW OF PREVIOUS METHODS

We give here only a very short overview of the previ-
ously methods used for lane detection systems. the most-
ly used technique is based on Hough Transform [2], see 
[3–5]. � ere are used also many other techniques for lane 
detection. Pomerleau et al. [6] used neural networks in 
their ALVINN system. Kang et al. [7] applied connected-
component analysis and dynamic programming. Proba-
bilistic methods such as Maximum a posteriori estima-
tion evaluated by Metropolis algorithm used in several 
systems [8], [9]. Wang et al. [10] applied fuzzy method 
in feature extraction stage for automatic brightness com-
pensation. Further, lane detection systems represent road 
lane model as straight lines [11], B-splines [12], parabola 
[5] and hyperbola [13]. More detailed survey for lane de-
tection strategies can be found on [5]. An overview of the 
imprecise point objects modeling is given in [1]. � ree 
basic approaches to spatial data uncertainty/imprecision 
are recognized: exact models [15–18], [12], probabilistic 
models [8], [9], [19–23] and fuzzy models [1], [24–34]. 
Lö�  er [16] has introduced models for imprecise lines as 
set of possible precise planar lines, while Guibas, Salasin 
and Stol�  in [14] present basic spatial relations (coincidence, 
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between and collinear) between imprecise points modeled 
as circles with same diameter. Unfortunately, with this ap-
proach, it is not possible to describe the line whose points 
are known with di� erent levels of accuracy. In [28] the 
problem of spatial objects which do not have homogene-
ous interiors and sharply de� ned boundaries is consid-
ered. For a spatial vagueness called fuzziness this paper 
gives a conceptual model of fuzzy spatial objects that also 
incorporates fuzzy geometric union, intersection, and dif-
ference operations as well as fuzzy topological predicates. 
In [24] the abstract conceptual model of fuzzy spatial data 
types, such as fuzzy points, fuzzy lines and fuzzy regions, 
was given. Buckley and Eslami [27] introduced fuzzy 
plane geometry. � e fuzzy point and fuzzy line are de� ned 
as fuzzy sets with membership functions that are convex 
and upper semi-continuous. One of the earliest and the 
most commonly used technique in feature extraction, 
known as Generalized Hough transformation, was intro-
duced by Duda and Hart [2]. � is technique is based on 
voting procedure which is carried out in parameter space. 

In this paper we will present mathematical model for 
such fuzzy line. In the sequel, the results belonging to this 
topic will be brie� y presented. We present a new math-
ematical model of the imprecise basic plane geometric 
object (fuzzy line, fuzzy triangle), theirs main properties, 
see [1], [32], see [33]. � ere was introduced basic distance 
functions and introduced the basic imprecise spatial re-
lations (coincidence, contain and collinear). Important 
applications of the introduced mathematical model are 
obtained in [32] and [34].

LINEAR FUZZY SPACE

De� nition 2.1 Fuzzy point denoted by  is de� ned by 
its membership function  from the set which contains 
all membership functions u satisfying following condi-
tions: 

, 
 

function  is upper semi continuous,

 -cut of function  is 
convex. 

A point P from  with membership function 
 will be denoted by P (P is the core of the fuzzy 

point ), and the membership function of the point   
will be denoted by . By  we denote the -cut of the 
fuzzy point  . 

De� nition 2.2 Linear fuzzy space  is a subset of all 
functions from De� nition 2.1, which in addition to the 
properties given in De� nition 2.1, are:

Symmetric with respect to the core  

), 

, 

where  is the distance in .
Inverse-linear decreasing with respect to points’ dis-

tance from the core according to:

If 

,

if 

where  is the distance between the point  and 
the core  ( ) and  is constant.

Elements of that space are represented as ordered pairs 
, where  is the core of , and  is 

the distance from the core for which the function value 
becomes 0; in the sequel parameter  will be denoted as 
fuzzy support radius. 

De� nition 2.3 Let the linear fuzzy space be de� ned on 
reals. Fuzzy relations  and  are de� ned by mem-
bership functions

  

respectively, where  and  are 
fuzzy points,  is the core of 

and  is a parameter determining the membership 
function of point .

FUZZY PLANE GEOMETRY

We introduce basic operations over linear fuzzy space 
 de� ned on , as well as their properties which will 

be used in de� nitions of basic fuzzy plane geometry ob-
jects.

De� nition 3.1 Let . An operator 
 is called fuzzy points addition given 

by

,

where  is the usual vector addition, and  
is the usual scalar addition.

De� nition 3.2 Let  be linear fuzzy space. � en a 
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function  is called linear com-
bination of fuzzy points  is given by

,

where  and operator “.”  is the scalar multi-
plication of fuzzy point. 

Figure 3.1 Linear combination of the fuzzy points 

De� nition 3.3 Let  be a linear fuzzy space and 
function f is a linear combination of the fuzzy points  
and . � en a fuzzy set  is called fuzzy line if following 
holds

.

Let  be linear fuzzy space, fuzzy line  de� ned 
by fuzzy points  and . � en following holds .

FUZZY TRIANGLE

De� nition 4.1 Let , ,  be fuzzy points with 
noncollinear cores  and function  is a linear 
combination of two fuzzy points. � en the fuzzy set  
is called fuzzy triangle, if the following holds

Corresponding membership function is denoted by 
 and it is given by to the following formula

 cut of fuzzy triangle  is denoted by . 

Figure 4.1: a) Fuzzy triangle membership function b) Fuzzy 
triangle alpha cuts 

De� nition 4.2 Let  be a fuzzy triangle de� ned on 
fuzzy linear space . Fuzzy point  is called edge 
point of the fuzzy triangle  if for all  a point 

 exists such that all its neighborhoods contain at 

least one point from  and at least one point out-

side of . 

FUZZY SPATIAL RELATIONS

Measurement of the space especially the distance be-
tween plane geometry objects is de� ned as a generaliza-
tion of the concept of physical distance. For more general 
theoretical background for fuzzy approach see [31].

Distance function or metric is a function that behaves 
according to speci� c set of rules. � ere are introduced 
basic distance functions between fuzzy plane geometry 
objects and their main properties according to the set of 
rules presented in our papers [1], [32]. 

Following distance functions are fuzzy metrics

 

Distance (iii) also satis� es set of rulles which hold for 
the classical metric. 

Spatial relations (predicates) are functions that are 
used to establish mutual relations between the fuzzy geo-
metric objects. � e basic spatial relations are coincide, be-
tween and collinear. For more details see [32], [33]. Fuzzy 
relation coincidence expresses the degree of truth that two 
fuzzy points are on the same place.
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De� nition 5.1 Let  be the Lebesgue measure on the 
unit interval  and is a linear fuzzy space. � e 
fuzzy relation  is fuzzy coinci-
dence of two fuzzy points , , represented by the mem-
bership function which is the Lebesgue measure of the set 
of all  for which cuts of  and  are not disjoint.

Interpretation of the proposition 

“Fuzzy point  is coincident to fuzzy point ” is par-
tially true with the truth degree 

. 

In [32], � eorem 4.1, it is given a method for its cal-
culation. 

APPLICATIONS

� e proposed model of fuzzy points and imprecise line 
objects is used in various applications, such as image anal-
ysis (imprecise feature extraction), GIS (imprecise spatial 
object modeling) and robotics (environment models) [1], 
Figure 6.1. 

Figure 6.1: Satellite image with a need for a geometric separa-
tion between river and earth side

Figure 6.2: Road line (image from the car)

In the our paper [32] we use the notion of the fuzzy 
line as model of the road lane, Figure 6.2. An algorithm 
for lane detection is primarily based on fuzzy spatial rela-
tions introduced by this model, and it is characterized by 
reduced computational complexity versus the standard 
Hough transformation, see also [33].

Figure 6.3: Fuzzy line geometry of imprecise regions at DI-
COM medical image

� e constructed model of fuzzy linear space is also 
used for obtaining fuzzy spatial relations and their inter-
pretations on DICOM medical images, Figures 6.3 and 
6.4, see [34].

Figure 6.4: a) CT scan , b) Extracted regions

CONCLUSION

We have brie� y presented a mathematical model based 
on the notion of fuzzy linear space, and three real applica-
tions. Our � nal goal is to develop an e� ective applicable 
framework for dealing with imprecise spatial data. For that 
purpose it is necessary to develop new specialized fuzzy 
indexing structures analogous to R tree, Quad tree and 
GRID. Namely, this is one of the main research directions 
related to the development of fuzzy linear space-based al-
gorithms. Another future research direction would be in 
the extension of the introduced two dimensional concepts 
to the three dimensional linear fuzzy space. 
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