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Abstract: 
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codes and double cyclic codes. We show how their generator matrices can 
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1. INTRODUCTION

Let m and n be positive integer numbers, F be a field of characteristic 
0 or its characteristic is coprime to n, and ω  is a primitive n-th root of 
unity.

First, we give the defi nition of a circulant matrix.
Defi nition 1. (A circulant matrix) ([1]) A nn×  matrix [ ])(xcC  over 

the fi eld F is called a circulant matrix associated with the polynomial            
                       

i
n

i
i xcxc ∑

−

=

=
1

0
)( ,                                                                                              (1)                                                                                 

if [ ])(xcC  has the following form:
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.  ♦                                                                    (2)

As we can see, the matrix [ ])(xcC  of the form (2) has the following 
property: the second row of the matrix [ ])(xcC  is the right cyclic shift  of 
its fi rst row, the third row of the matrix [ ])(xcC  is the right cyclic shift  
of its second row and so on. Namely, the i-th row of the matrix [ ])(xcC  
is the right cyclic shift  of its (i -1)-th row. Th us, the matrix [ ])(xcC  of 
the form (2) is completely determined by its first row. Circulant matrices 
have a very wide applications in numerical analysis, cryptography and 
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coding theory. In this paper, we present their applica-
tions in coding theory. It should be also pointed out 
that circulant matrices belong to the class of Toeplitz 
matrices - matrices having constant diagonals. More in-
formation about Toeplitz matrices can be found in the 
following papers: [2] and       [3]. 

Example 1. Let xxc −=1)( . Th en,

[ ] 







−

−
=

11
11

)(xcC . ◊

Example 2. Let 323)( xxxc ++= . Th en,
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=

3201
1320
0132
2013

)(xcC . ◊

Th e following defi nition is a generalization of Defi ni-
tion 1. 

Defi nition 2. (A generalized circulant matrix) A 
nm×  matrix [ ])(xcCg  over the fi eld F is called a gen-

eralized circulant matrix associated with the polynomial 
(1) if  [ ])(xcCg  has the following form:
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where all the subscripts  j  of  jc  are modulo n. ♦
Remark 1.  A generalized circulant matrix becomes a 

circulant matrix provided that nm = .  ▼

Example 3. Let xxc −=1)(  and 4=m . Th en,
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)(xcCg . ◊

Example 4. Let 323)( xxxc ++=  and 3=m . Th en,

                   

[ ]















=

1320
0132
2013

)(xcCg
. ◊

Let us recall that ω  is a primitive n-th root of unity.
Th eorem 1. ([1], [4]) Th e eigenvalues of the matrix 

[ ])(xcC  are:  

[ ] 1,0),())(( −== njcxcC j
j ωλ ,                       (4)

and the eigenvectors of the matrix [ ])(xcC  are: 
          

[ ] 1,0,1)( )1( −== − njTjnjj
n ωωων  ,    (5)  

where [ ]T is the symbol for the transpose of a matrix. ∇          

Th erefore, 
           

[ ])(xcC )( j
n ων = )( jc ω  1,0),( −= njj

n ων .   (6)

Similar to the equality (6) (in relation to a circulant 
matrix), it can be obtained the following equality (in re-
lation to a generalized circulant matrix):

[ ])(xcCg )( j
n ων = )( jc ω  1,0),( −= njj

m ων .   (7)

Using the previous equality, it can be obtained the 
following equality:

[ ])(xcCg )(, ωnnΦ =

)(, ωnmΦ ))(,),(),1(( 1−ncccdiag ωω  ,     

where ))(,),(),1(( 1−ncccdiag ωω   is a diagonal nn×  
matrix with the elements ,1,0),( −= njc jω  on the 
main diagonal, )(, ωnnΦ  is the nn×  Fourier matrix i.e. 

             
1
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1 ( 1)( 1)

1 1 1
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ω ω
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− − −
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 ,           (9)

and )(, ωnmΦ  is its nm×  generalization.
Remark 2.  Let { }nmr ,min= . Any kk ×  submatix 

of the matrix )(, ωnmΦ  formed by its fi rst k rows, where 
k is a positive integer number such that rk ≤ , is a Van-
dermonde matrix ([5], a French mathematician, musi-
cian and chemist Alexandre-Th éophile Vandermonde) 
formed by k diff erent elements, therefore it is a non-
degenerate matrix. From that, we conclude that the rank 

(8)
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of the matrix )(, ωnmΦ  is equal to r and the fi rst r rows of 
the matrix )(, ωnmΦ  are linearly independent. ▼

As we stated at the beginning of the paper, m and 
n are positive integer numbers and ω  is any primitive 
n-th root of unity. Let n′ be also a positive integer num-
ber, ω′  be any primitive n′ -th  root of unity and F be 
a field of characteristic 0 or its characteristic is coprime 
to both n and n′.

Let [ ])(xcCg  and [ ])(xcCg ′  be generalized circulant 
matrices associated, respectively, with the polynomials: 

i
n

i
i xcxc ∑

−

=

=
1

0
)(  and j

n

j
j xcxc ∑

−′

=

′=′
1

0
)( .                       (10)

Defi nition 3. (A double circulant matrix) A ( )nnm ′+×  
matrix [ ])(),( xcxcCg ′  over the fi eld F is called a double 
circulant matrix associated with the polynomials (10) if  

[ ])(),( xcxcCg ′  has the following form:
   

[ ] [ ] [ ][ ] .)()()(),( xcCxcCxcxcC ggg ′=′  ♦                 (11)

Example 5. Let F be the fi eld of complex numbers, 
3=n , 2=′n , 221)( xxxc −−=  and xxc 21)( +−=′ .
Th en, for 6=m ,
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.  ◊

Example 6. Let F be the fi eld of complex numbers, 
4=n , 2=′n , 221)( xxxc −−= and xxc 21)( +−=′ .
Th en, for 5=m , 
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Remark 3. (in relation to Example 5.) Using the 
elementary operations to the matrix [ ])(),( xcxcCg ′ , we 
obtain:

[ ]
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−−−
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)(),( xcxcCg

 

.

From that, we conclude that the matrix [ ])(),( xcxcCg ′  
has rank 4, and its fi rst 4 rows are linearly independent. ▼

Remark 4. (in relation to Example 6.) Using the 
elementary operations to the matrix [ ])(),( xcxcCg ′ , we 
obtain:

[ ]
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−−

−−−
−−−

≈′

000000
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112200
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)(),( xcxcCg

 

 

.

From that, we conclude that the matrix [ ])(),( xcxcCg ′  
has rank 4, and its fi rst 4 rows are linearly independent. 
▼

2. CYCLIC CODES AND THEIR GENERATOR 
MATRICES

In this section, we consider cyclic codes and show 
how their  generator matrices can be obtained.

In coding theory:
 ◆ any n

n Fccc ∈− ),,,( 110  , where F is a fi nite field 
whose characteristic is coprime to n , is called a 
word over F,

 ◆ any subspace C of nF  is called a linear code over F,
 ◆ the words in C are called code words,
 ◆ if ),,,( 1,01,00,0 −nccc  , ),,,( 1,11,10,1 −nccc  ,   ,

 ◆ ),,,( 1,11,10,1 −−−− nrrr ccc   is a basis of the linear code 
C, then the nr ×  matrix

0,0 0,1 0, 1

1,0 1,1 1, 1

1,0 1,1 1, 1

n

n
g

r r r n

c c c
c c c

C

c c c

−

−

− − − −

 
 
 =
 
 
 





   



                                                                        

is called a generator matrix of the linear code C.

(12)
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Th e generator matrices are useful for encoding and 
decoding.

Let us consider the quotient ring [ ] [ ] / 1n
nF X F X x= −  

and point out that any polynomial [ ]XFxfxf n
i

n

i
i ∈=∑

−

=

1

0
)(  

can  be identifi ed with a word n
n Ffff ∈− ),,,( 110  . 

Th erefore, any ideal C  of [ ]XFn  can be observed as a 
linear code over F, called a cyclic code over F. Th us, any 
polynomial i

n

i
i xcxc ∑

−

=

=
1

0
)( generates  a cyclic code:

[ ]{ }xFxfxxcxfC n
xc ∈−= )()1mod()()()(  .       (13)

It is easy to see that the row vectors of the matrix (2) 
generate the linear code (13).

Remark 5. (in relation to the matrix (2)) In the gen-
eral case, the row vectors of the matrix (2) are linearly 
dependent, so the matrix (2), in the general case, is not 
a generator matrix of a cyclic code (13). ▼

In the paper [6] the authors proved the following 
theorem (in relation to a generalized circulant matrix). 
Before we present the result from the paper [6], let us 
mention that the degree of a polynomial )(xf  is denot-
ed by )(deg xf .

Th eorem 2. (Th eorem 2.4. [6]) Let [ ])(xcCg  
be the matrix of the form (3), )(deg xdd = , where 

)1),(gcd()( −= nxxcxd  and { }dnmr −= ,min . Th en, the 
rank of the matrix [ ])(xcCg  is equal to r and the first 
r rows of the matrix [ ])(xcCg  are linearly independent.

Proof. Th e matrix )(, ωnmΦ 1( (1), ( ), , ( ))ndiag c c cω ω −  
has exactly dn −  non-zero columns because there are 
exactly d indexes j )1,0( −= nj  such that .0)( =jc ω  
Suppose that tj , ),1( dnt −=  are the indexes such that 

.0)( ≠tjc ω  Th en, the rank of  the matrix [ ])(xcCg

)(, ωnnΦ  is equal to the rank of the following matrix:

)(, ωdnm −Φ ))(,),(( 1 dnjj ccdiag −ωω  ,                         (14)

where
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 .            (15)

Similar to Remark 2, we conclude that the rank of the 
matrix (15) is equal to { }dnmr −= ,min  and the fi rst r 
rows of the matrix (15) are linearly independent. Since 
the matrix 1( ( ), , ( ))n djjdiag c cω ω −  is non-degenerate, 

it follows that the rank of the matrix (14) is equal to r 
and the fi rst r rows of the matrix (14) are linearly in-
dependent. Th erefore, based on (8), it follows that the 
rank of the matrix [ ])(xcCg )(ωnn×Φ  is equal to r and the 
fi rst r rows of the matrix [ ])(xcCg )(ωnn×Φ  are linearly 
independent. Bearing in mind that the matrix (9) is a 
non-degenerate, it follows that the rank of the matrix 

[ ])(xcCg  is equal to r and the fi rst r rows of the matrix 
[ ])(xcCg  are linearly independent. ∇
Remark 6. If follows, based on Th eorem 2, that the 

first deg gcd( ( ), 1)nr n c x x= − −  rows of the matrix 
[ ])(xcC  form a basis of the cyclic code )( xcC . ▼

Th erefore, based on Remark 6, we obtain the follow-
ing results:

For Example 3, Since xxc −=1)(  i.e. 2=n , it fol-
lows that 1)1deg()1,1gcd(deg 2 =−=−−= xxxd . 
So, 1=−= dnr  i.e. the generator matrix of )( xcC  is

[ ]11 −=gC .   ◊                                                          (16)

For Example 4, Since 323)( xxxc ++=  i.e. 4=n , it fol-
lows that 1)1deg()1,23gcd(deg 43 =+=−++= xxxxd
. So, 3=−= dnr  i.e. the generator matrix of )( xcC  is, in 
this case, the same as [ ])(xcCg . Th us, 

              
















=

1320
0132
2013

gC .  ◊                                                  (17)

In coding theory, the question: 
Whether or not the cyclic codes are asymptotically 

good?
is still open. ([7])

In the paper [8], Berman proved that cyclic codes 
are asymptotically bad if only fi nitely many primes are 
involved in the lengths of the codes.

Now, we consider the matrix [ ]( ), ( )gC c x c x′  of the form 
(11) i.e. a double circulant matrix associated with the 
polynomials (10) and give the answer how to determine 
the rank of that matrix. 

Similar to the equality (7), it can be obtained the fol-
lowing   equalities:

[ ]
1

( )
( ), ( ) ( ) ( ), 0, 1,

0

i
i in

g m
n

C c x c x c i n
ν ω

ω ν ω
′×

 
′ = = − 

       
(18)

[ ] 10
( ), ( ) ( ) ( ), 0, 1

( )
n j j

g mj
n

C c x c x c j nω ν ω
ν ω

×

′

 
′ ′ ′ ′ ′= = − ′ 

(19)
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Also, similar to the equality (8), using the equalities 
(18) and (19), it can be obtained the following equality:

[ ])(),( xcxcCg ′ ∙ , ,( ( ), ( ))n n n ndiag ω ω′ ′ ′Φ Φ = ),(, ωω ′Φ ′+nnm  
1 1( (1), ( ), , ( ), (1), ( ), , ( )) .n ndiag c c c c c cω ω ω ω ′− −′ ′ ′ ′ ′        

 
 Similar to Th eorem 2, using the previous equality, 

in the paper [6], the authors also proved the following 
theorem.

Th eorem 3. (Th eorem 3.6. [6]) Let [ ]( ), ( )gC c x c x′  be 
the matrix of the form (11), ),gcd( nnl ′= ,  

 
gcd( ( ), 1)gcd( ( ), 1)( 1)deg

gcd( ( ) ( ), 1)

n n l

l

c x x c x x xd
c x c x x

′′− − −
=

′ −
          (21)

and { }dnnmr −′+= ,min . Th en, the rank of the matrix 
[ ]( ), ( )gC c x c x′  is equal to r and the first r rows of the 

matrix [ ])(),( xcxcCg ′  are linearly independent. ∇
In the next section, we extend the defi nition of the 

cyclic codes.

3. THE QUASI-CYCLIC CODES OF INDEX 2
11

Let n be a positive integer number and F be a fi nite 
field whose characteristic is coprime to n. Let us recall 
that the quotient ring [ ] 1/ −nxXF  is denoted by 

[ ]XFn . 
Th e product

[ ] [ ]XFXF nn ×                                                                       (22)

is a free [ ]XFn  - modul of rank 2 and any [ ]XFn  - sub-
module C of (22) is called a quasi-cyclic code of index 2. 
In general, any [ ]XFn -submodule C of the free [ ]XFn  
- modul of rank m is said to be a quasi-cyclic code of 
index m. 

Remark 7. Cyclic codes are just quasi-cyclic codes of 
index 1. ▼

In the paper [9], C. L. Chen, W. W. Peterson and  E. 
J. Weldon showed that the quasi-cyclic codes of index 2 
are asymptotically good. Moreover, for any integer m > 
1, the quasi-cyclic codes of index m are asymptotically 
good (see [10] and [11]) .

In the paper [6] (see also [12]), Yun Fan and Hua-
lu Liu considered the quasi-cyclic codes of index 2

11  
Namely, they considered, provided that n is a positive 
even integer number, the following [ ]XFn  - modul:

[ ] [ ]XFXF nn
2

×
                          

Any submodule C  of [ ]XFn  - modul (23) is called 
a quasi-cyclic code of index 2

11 .
Let 

i
n

i
i xcxc ∑

−

=

=
1

0
)(  and j

j
j xcxc

n

∑
−

=

=′
1

0

2

)( .                        (24)

Th en, any element ( )(),( xcxc ′ ) of the modul (23) 
generates a quasi-cyclic code )(),( xcxcC ′

  of index 2
11  

which is called a quasi-cyclic code of index 2
11  gener-

ated by ( )(),( xcxc ′ ). Namely,  

[ ]
( ), ( )

2

( ( ) ( ) mod( 1), ( ) ( )
(25)

mod( 1)) ( )

n

nc x c x

f x c x x f x c x
C

x f x F x
′

′ − =  
− ∈  

Th e question is: 
How to get a generator matrix of )(),( xcxcC ′ )?
Namely, the )

2
( nnn +×  matrix: 

[ ]

0 1 1 0 1 1
2

1 0 2 01
2 2

1 2 01 2
2 2 2

0 11 1 1
2 2 2 2

1 2 0 1 2 0

( ), ( ) (26)

n n

n n n n

g n n n

n n n n

c c c c c c

c c c c c c

C c x c x c c c c c c

c c c c c c

c c c c c c

−
−

− −
−

+ +

+ − −

′ ′ ′ 
 
 ′ ′
 
 
 
 ′ ′ ′ ′=
 
 

′ ′ ′ 
 
 
 

′ ′ ′  

 

 

       

 

 

       

 

  

is a double circulant matrix associated with the polyno-
mials (24). 

Remark 8. (in relation to the matrix (26)) In the gen-
eral case, the row vectors of the matrix (26) are linearly 
dependent. So, in the general case, the matrix (26) is not 
a generator matrix of the quasi-cyclic code (25). ▼

Before we continue, let us recall that n is a positive 
even    integer number and F is a fi nite fi eld whose char-
acteristic is coprime to n.

In relation to the matrix [ ]( ), ( )gC c x c x′  of the form 
(26), in the paper [6], the authors proved the following 
theorem.

Th eorem 4. Th eorem 4.1. [6]) Let [ ]( ), ( )gC c x c x′  
be the matrix of the form (26), )1),(gcd( 2

1 +=
n

xxcd
  

and )1),(),(gcd( 2
2 −′=

n

xxcxcd
 . Th en, the rank of the 

matrix [ ]( ), ( )gC c x c x′  is equal to )deg( 21 ddnr ⋅−=  

(23)
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and the first r rows of the matrix [ ]( ), ( )gC c x c x′  are 
linearly independent i.e. the first r rows of the matrix 

[ ]( ), ( )gC c x c x′  form a generator matrix of the quasi-
cyclic code (25). ∇

Th e following example illustrates the result of Th eo-
rem 4. 

Example 7.  Let 5ZF = , 6=n , 21)()( xxxcxc ++=′=

Th en, 

[ ]



























=′

111100011
111110001
111111000
111011100
111001110
111000111

)(),( xcxcCg
.

Since, 

1)1,1gcd( 32
1 =+++= xxxd    

and

2322
2 1)1,1,1gcd( xxxxxxxd ++=−++++= ,

it follows that

.4)1deg(6 2 =++−= xxr

Th erefore, 



















=

111111000
111011100
111001110
111000111

gC

is a generator matrix of the quasi-cyclic code 
22 1,1 xxxxC

++++  of index 2
11 .  ◊

4. DOUBLE CYCLIC CODES

In this section, n and n′ are positive integer numbers 
and F is a field whose characteristic is coprime to both 
n and n′.

Now, we consider the product:

[ ] [ ]XFXF nn ′×                                  (27)

as an [ ]XF - module. Any [ ]XF  - submodule C of that 
modul is called a double cyclic code. 

Remark 9. (in relation to the product (27))  Let us 
point out that the product (27) is neither an [ ]XFn  - 
module nor an  [ ]XFn′  - module. Namely, the prod-
uct (27) can be viewed as [ ]XFk  - module, where 

),( nnlcmk ′= . 
Let )(xc  and )(xc′  be polynomials (10) and
[ ]( ), ( )gC c x c x′  be the matrix of the form (11). Th en, 

any element ( )(),( xcxc ′ ) of the modul (27) generates 
a double cyclic code )(),( xcxcC ′  which is called a double 
cyclic generated by ( )(),( xcxc ′ ). Namely, 

[ ]( ), ( )

( ( ) ( ) mod( 1), ( ) ( ) mod
. (28)

( 1)) ( )

n

c x c x n

f x c x x f x c x
C

x f x F x′ ′

′ − =  
− ∈  

Th e question is:
How to get a generator matrix of )(),( xcxcC ′ )?
From Th eorem 3, it can be proved the following 

theorem.
Th eorem 5. (Th eorem 4.3. [6]) Let ),( nnlcmk ′=  and 
[ ]( ), ( )gC c x c x′  be the ( )nnk ′+×  matrix of the form (11).  

Let ),gcd( nnl ′= ,  

gcd( ( ), 1)gcd( ( ), 1)( 1)deg
gcd( ( ) ( ), 1)

n n l

l

c x x c x x xd
c x c x x

′′− − −
=

′ −
          (29)

and dnnr −′+= . Th en, the rank of the matrix 
[ ]( ), ( )gC c x c x′  is equal to r  and the first r rows of the ma-

trix [ ]( ), ( )gC c x c x′  are linearly independent. ∇
Th e following example illustrates the result of Th eo-

rem 5. 
Example 8.  Let 5ZF = , 3=n , 2=′n , 2)( xxxc +−=  

and xxc +−=′ 1)( . Th en, 6)2,3( == lcmk  and  
1)2,3gcd( ==l ;

1)1,gcd( 32 −=−+− xxxx ;
1)1,1gcd( 2 −=−+− xxx and 

2gcd(( )( 1 ), 1) 1x x x x x− + − + − = −  i.e.

2)1deg( 2 =−= xd .
So, based on Th eorem 5, the rank of the following 

double circulant matrix 
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[ ]

0 1 1 1 1
1 0 1 1 1
1 1 0 1 1

( ), ( )
0 1 1 1 1
1 0 1 1 1
1 1 0 1 1

gC c x c x

− − 
 − − 
 − −

′ =  − − 
 − −
 
− − 

is 3223 =−+=r  i.e. the fi rst 3 rows of [ ]( ), ( )gC c x c x′  
are linearly independent. Th us, the first 3 rows of 

[ ]( ), ( )gC c x c x′  form a generator matrix of the double 
cyclic code xxxC

+−+− 1,2   i.e.

















−−
−−

−−
=

11011
11101

11110

gC

is a generator matrix of the double cyclic code 

xxxC
+−+− 1,2 .  ◊
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